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Abstract: The accuracy of the Extended Finite Element Method (XFEM) in 
solving problems of straining plate with central crack is analyzed. Numerical 
solutions for displacements and stresses are compared with analytical 
solutions, while numerical solutions for stress intensity factor are compared 
with empirical solutions. The impact of the mesh density and near tip (NT) 
enrichment function are investigated, as well as the impact of the size of the 
integration domain of J integral used to calculate stress intensity factor

I
K . 

The use of fine mesh and the NT enrichment functions increase the accuracy 
of the solution. 
 
Key words: accuracy analysis, XFEM, mesh density, NT functions, stress 
intensity factor. 
 
 

                                                 
1 Faculty of engineering, University of Kragujevac, Serbia. 

1. Introduction 
 

 The extended finite element method, 
XFEM, reduce computational fracture 
mechanics problems by not requiring the 
finite element mesh to coincide with cracks. 
XFEM is based on using enrichment 
functions at finite elements that are crossed 
by the crack. Basis of the XFEM method 
developed by Belytchko and Black [1], 
were presented in [4] for the two-
dimensional cracks. 
 Creating a model using XFEM is divided 
into two steps [3-6]: generation of the 
mesh for the geometric domain without 
including cracks, and enriching the finite 
element approximation by additional 
functions that model the cracks, without 
explicitly separating sides of the cracks. 
There are two enriching functions in 

XFEM for fracture mechanics: 
discontinuity Heaviside step functions (H) 
and asymptotic near tip functions (NT).  
 The goal of this paper is to analyze the 
accuracy of the Extended finite element 
method for 2D problem, by comparing the 
obtained numerical results with analytical 
and empirical solutions. 

 
2. Approximation in XFEM 
 
 The approximation of displacement in 
the XFEM is decomposed into a 
continuous and enrichment part, as 

     con enrhu x u x u x           (1) 

where the first addend is standard 
approximation in the FEM, and second is 
enrichment part of displacement 
approximation around the crack. The 
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region of the crack for enrichment by H 
and NT functions is shown in Figure 1 
[5].

 
 

Fig. 1. Enriched region of a crack 
 

3. Numerical experiments 
 
Numerical experiments which aimed to 

demonstrate the impact of mesh 
parameters and types of nodes enrichment 
on the accuracy of numerical solutions 
were performed. Those experiments were 
performed on a test example of the plate 
with a central crack, as an example that has 
strong open discontinuities in fields of 
displacements. Data for the geometry, 
material parameters and load are given in 
Figure 2.  
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Fig. 2. Plate with a central crack 
 

 Using the symmetry conditions, only the 

right half of the plate was modeled using 
the XFEM method [4]. The following 
effects were investigated: 1) density of the 
mesh, 2) enrichments with NT functions 
around crack tip, 3) the size of the 
integration domain of J integral, used to 
calculate stress intensity factor 

I
K . The 

plate was modeled with 10x10, 20x20, 
40x40 and 80x80 elements. The influence 
of enrichment functions around crack tip 
was analyzed in two ways: 1) nodes of 
elements that are crossed by the crack are 
enriched with Heaviside function and 
nodes around the crack tip are enriched 
with NT (H+NT), 2) nodes of elements 
that are crossed by the crack are enriched 
only with Heaviside function (H). 

In examining the impact of integration 
domain of J integral, the following 
relations between radius and crack length 
were used / (%)r a : 10, 15, 20, 25, 30, 35, 

40 и 45%. One integration domain is given 
in Figure 3, [4]. 

X
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Z

 

Fig. 3. One of the integration domains of J 
integral  

 
For all these variants of calculations, the 

values of the stress intensity factor 
I

K  are 
calculated, and the results are shown in 
Table 1. Numerical results for the stress 
intensity factor 

I
K  are compared with the 

empirical value. The empirical value was 
obtained from the relation: 
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,emp
I

a L
K F a

W W
    

             
(2) 

and, based on the applied load and chosen 
value of the correction factor (Figure 3.11 
in [2]), amounts 

261.08emp
IK KPa mm .         (3) 
For each obtained numerical value of 

stress intensity factor, there is a calculated 
error Er(%) given in Table 1. It was 
noticed that in case of coarse mesh the size 
of the integration domain should be 
considered, because it can happen that a 
small integration domain includes only a 
small number of nodes, and therefore get 
an error over 10%, so that result should be 
discarded as incorrect. In all other cases, 
the good agreement is obtained between 
numerical and empirical results. Increasing 
mesh density reduces the error and rapid 
convergence of the solution is apparent. 
Enrichment around crack tip with NT 
functions provides very good results even 
with coarse mesh. In all the cases when the 
NT enrichment was used, the error is 
below 3%. In cases with better mesh 
density can be noticed that the obtained 
numerical results are above the theoretical, 
leading to the conclusion that empirical 
solution read from the diagram given in the 
literature is not accurate enough. 

Stress intensity factor IK  (10х10; 20x20;                     

40x40; 80x80)                              Table 1 

 

 

 

 
 

After determining empirical values of the 
stress intensity factor, analytical solutions 
for stresses and displacements around the 
crack tip are calculated using the Table 2. 
 
Analytical solutions for stresses and 
displacements                                Table2 

 
 

In the following analysis, numerically 
obtained stress values in the center of the 
element and analytically calculated values 
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for the same position were compared.  
Element, whose node was in the crack tip, 
was analyzed and obtained results are 
shown in Table 3 for different mesh 
densities and different enrichment 
functions around the crack tip. 
 The best matching results in case of 
enriching with NT functions are obtained 
with yy component of stress, where the 

error in all variants of mesh density does 
not exceed 5%. Elements enriched with 
NT functions around the crack tip give a 
more accurate approximation of the stress 
field and a better agreement with the 
analytical results. 
 

Stress values in the center of the element 
(10х10; 20x20; 40x40; 80x80)       Table 3 

 

 

 

 
In further analysis stress values 

according to the distance of the center of 
the element from the crack tip were 
compared. Figure 4 shows the comparative 
diagrams of normal stress yy  depending 

on the distance from the crack tip for 
different mesh densities, as well as a 
diagram of analytical solution. Based on 
the obtained results it can be concluded 
that the calculation results have a good 
agreement in the area around the crack tip 
for all sizes of mesh. All calculations show 
the character of the rapid growth of stress 
when asymptotically approaching the top 
of the crack. Because of the large impact 
of the distance from the crack tip to the 
center of the element to the value of the 
maximum stress, it is recommended to use 
a finer mesh around the crack tip.  

 

Fig. 4. Normal stress yy  depending on 

the distance of the center of the element 
from the crack tip for different mesh 

densities 
 

Figure 5 shows the comparative 
diagrams of normal stress yy  depending 

on the distance of the center of the element 
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to the crack tip for the mesh density of 
80х80 with enrichments H and H+NT. 
Based on the obtained results it can be 
concluded that the results for normal 
stresses are in agreement with the 
analytical result in both variants of 
enrichment. Stress values obtained 
enriching with NT functions give the 
expected slightly higher stresses, than the 
variant that uses only H functions.  

 

Fig. 5. Normal stress yy  depending on 

the distance of the center of the element to 
the crack tip for the mesh density of 80х80 

with enrichments H and H+NT 
 

Figure 6 shows comparative diagrams of 
the displacements of nodes in x direction 
depending on their vertical distance from a 
crack tip for mesh density 80x80, and also 
a diagram of the analytical solution 
obtained according to Table 2.  

 

Fig. 6. Displacements of nodes in x 
direction depending on their vertical 

distance from a crack tip for mesh density 
80x80 

 

Figure 7 shows comparative diagrams of 
the displacements of nodes in y direction 
depending on their vertical distance from 
the crack tip for mesh density 80x80, as 
well as the diagram for the analytical 
solution according to Table 2.  

 

Fig. 7. Displacements of nodes in y 
direction depending on their vertical 
distance from the crack tip for mesh 

density 80x80 
 

It can be concluded from the results that 
there is a good agreement between 
numerical and analytical results for the 
displacements of nodes in y direction 
depending on the vertical distance from the 
crack tip, as shown in Figures 6 and 7.  

Impact of different enrichment around 
the crack tip for 10x10 mesh is shown in 
Figures 8 and 9. 

 

Fig. 8. Normal stress field σyy (XFEM(H)), 
10x10 
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Fig. 9. Normal stress field σyy 
(XFEM(H+NT)), 10x10 

It is obvious, in case of enrichment with 
NT, that there is rapid growth of stress 
when asymptotically approaching the crack 
tip, which is consistent with analytical 
solution.  

 
4. Conclusions 
 

The accuracy of the XFEM method was 
analyzed in this paper. Analysis of the 
effect of mesh density and the types of 
enrichment in the XFEM on the accuracy 
of the numerical results is done by 
comparing them with empirical and 
analytical values.  

From the obtained results, it can be 
concluded that the size of the integration 
domain should be considered because it 
can happen that a small integration domain 
includes only a small number of nodes. 
Increasing mesh density reduces the error 
and enrichment with NT functions give a 
more accurate approximation of the stress 
field and better agreement with the 
analytical results. It was seen that 
calculation results have a good agreement 
in the area around the crack tip for all sizes 
of mesh. All calculations show the 
character of the rapid growth of stress 
when asymptotically approaching top of 

the crack. There is a good agreement 
between numerical and analytical results 
for the displacements of nodes in x and y 
directions depending on the vertical 
distance from the crack tip.  
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