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Abstract — Many problems in neutron metrology require the
determination of spectral neutron fluence rates. One of the
prerequisites for doing spectrometry is the knowledge of the
detector’s response function. We report on a method to
determine the response function of liquid scintillation
spectrometers given measurements in monoenergetic neutron
fields. The response function is modelled using radial basis
functions and the parameters of the model are chosen using
Bayesian parameter estimation.
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1. INTRODUCTION

Neutron spectrometry plays an important role in neutron
metrology [1]. Detectors and dosemeters must be calibrated
in known reference neutron fields and the characterization of
these fields requires spectrometric measurements. These
types of measurement are also needed for neutron dosimetry
because the fluence-to-dose conversion factors for neutrons
depend strongly on the energy of the incoming neutrons.

Detectors based on organic liquids scintillators (known
under the names NE213 and BC501A) are routinely used for
high resolution neutron spectrometry [2,3]. In scintillation
detectors, the incoming neutrons interact with atomic nuclei
and produce charged particles (mostly recoil protons but
also alpha particles) and these charged particles in turn
produce scintillation light. This light is collected in the
detector to produce a pulse height spectrum (PHS), which is
the outcome of the measurement. The PHS depends on the
kinetic energy of the incoming neutrons. Thus, the analysis
of the PHS will provide information on the neutron energy
spectrum ¢(E,). An example of a PHS is given in Fig. 1,
which shows a measurement of 8§ MeV monoenergetic
neutrons.

Neutron spectrometers are characterized by their
response function, which describes the average number of
counts to be expected in each of the channels of the PHS per
incident neutron of a given energy E,. To facilitate the
comparison of measurements made under different
experimental conditions, the x-axis of the PHS is usually
labelled in terms of the light output L (which has units of
energy) instead of channel number. Thus the response
function R(E,,L) is a function of two continuous variables,
E, and L, and it may be visualized as a two-dimensional
surface.
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Fig. 1. Pulse height spectrum of a measurement of 8 MeV
monoenergetic neutrons.

For computational reasons, it is convenient to introduce
the response matrix Rj, which is a discretization of the
response function R(E,L). The PHS measured by the
spectrometer is related to the discretized neutron energy
spectrum ¢y by the linear equations
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where N; is the number of counts in channel j of the PHS, k
labels the neutron energy, and ¢; is a term which accounts
for effects such as statistical fluctuations in the number of
counts, discrepancies which arise due to deviations of Rjx
from the true value of the response matrix, experimental
uncertainties, etc.

The goal of a spectrometric measurement is to derive the
spectrum ¢, by solving Eq. (1) using deconvolution
methods [4,5]. One of the prerequisites for doing
spectrometry is the knowledge of the detector’s response
matrix. Thus, the response matrix plays a fundamental role
in the analysis of the measurements. To carry out the
deconvolution procedure successfully, it is necessary to
have a response matrix that is as realistic as possible.

In this paper we propose a Bayesian method which
allows us to determine the response function of liquid
scintillation spectrometers given a set of measurements in



monoenergetic neutron fields, independent of numerical
simulations of the response. We describe the method in
detail and present results obtained for an analysis that covers
the range of neutron energies 12 MeV < E; <16 MeV of the
response matrix. The application of the approach to the full
response matrix is in principle straightforward but
computationally demanding, thus it will be addressed in a
forthcoming publication. Here we focus on the method and
on conceptual issues.

The paper is organized as follows. In the next section we
discuss two approaches for the determination of neutron
response matrices for NE213 liquid scintillators, one based
on numerical simulations and the other one based on
measurements. The following section is devoted to a
description of the Bayesian approach that we propose for the
analysis of a set of measurements of the spectrometer’s
response. After that we present results of the analysis. We
end the paper with a summary.

2. DETERMINATION OF THE NEUTRON
RESPONSE MATRIX

The standard way of determining the neutron response
matrix of a liquid scintillation spectrometer [2,6] is to
combine measurements in monoenergetic neutron reference
fields with numerical simulations of the response function.
Fig. 2 shows a contour plot of a response matrix calculated
using this standard procedure. The plot uses a logarithmic
scale (base 10) to display the response because it has a range
that extends over a few orders of magnitude.
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Fig. 2. Contour plot of the common logarithm of the response,
for a response matrix based on numerical simulations.

When following this approach, we have used the Monte
Carlo code NRESP [7] which can simulate PHS for a given
detector cell geometry and neutron energy. However, the
simulated response calculated by NRESP has features which
are sharper than the ones observed in actual measurements;
therefore, it is necessary to adjust the simulated response
matrix to fit calibration measurements. This adjustment
process is a non-trivial procedure which involves a number
of elaborate steps, including an energy dependent Gaussian
broadening of the simulated response matrix [2,6,8].
Although the standard approach has proven to be very
powerful, there are certain limitations to it. Furthermore, it

is not possible to simulate exactly all the nuclear reactions
that need to be included in the calculation of the response
matrix, and this leads to minor but observable discrepancies
between simulations and measurements.

A better alternative, when possible, is to determine these
response functions solely from experiment [8,9,10]. This
can be done; however, the measurements of the response
typically contain a fair amount of statistical fluctuations (see
for example the measurement shown in Fig. 1). In principle,
the statistics of the measurements can be reduced by using
longer measurement times. In practice, this is not feasible.
Therefore, it becomes necessary to use data analysis
procedures to address this issue. This requires some care
because a simple smoothing procedure will change the
shape of the response function, and this in turn will affect
the neutron energy spectrum that is obtained when a
deconvolution of the data is carried out (in particular, the
widths of peaks will be affected). Thus, for applications in
metrology, a more careful approach is required. It is for this
reason that we propose the method that we describe in the
next section.

3. BAYESIAN ANALYSIS OF MEASUREMENTS OF
THE DETECTOR RESPONSE

Measurements of the detector response [8,9,10] result in
a matrix Dj. which may be visualized as a two-dimensional
surface. This matrix is related to the spectrometer’s response
Rjx by an equation of the form

Djk = R]k + Eik (2)

where the discrepancy between Dy, and Ry (i.e., the term &)
is due primarily to counting statistics.

Due to the physics of scintillation spectrometers, the
response is expected to be smooth, without sharp peaks or
shoulders. Thus, to model Rj,, we may introduce thin plate
splines, which are a particular type of radial basis functions.
Using the notation x = E,,y = L, the model of the response
function is written in the form [11]

Rip = Xitq Ai dijic + g + HoXj + UV, (3)

where n is the number of centres, (x;,y;) is the location of
the centres, 1%, = (x; — x;)* + (¥; — ¥)?, the radial basis
function ¢;j, = rﬁ-kln (1iji), and A; and y; are parameters
which have to be determined by fitting the response Rj. to
the measurements Djy.

To determine these unknown parameters, we use
Bayesian parameter estimation [12]. We now discuss the
main features of the approach.

3.1. Likelihood function and priors

The data Dj used for the analysis consist of a large
number of PHS from measurements of monoenergetic
neutrons. The uncertainty in the data is mainly due to
counting statistics, with typically enough counts in each
channel for the normal approximation to be valid. Therefore,
it is appropriate to choose a likelihood function of the form
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where the standard deviations oj are set equal to the square
root of the number of counts in the corresponding channel.

The model depends on the parameters A; and y;. We
chose reference priors for these parameters (i.e., uniform
distributions) since in our case informative priors are neither
justified nor necessary.

3.2. Choice of centers

To enforce smoothness of Rj, it is desirable to minimize
the number of centres used for the model. However, the
number of centres has to be sufficient to provide a good fit
to the measurements Dj,. These two competing requirements
may be satisfied by choosing an optimal number of centres
distributed according to the amount of structure that is
present in the response function, in the following way.

It will be convenient to visualize the response function
as a two-dimensional surface. Then, intuitively, one would
like to have a higher density of centers in those areas in
which the curvature of the surface is high (i.e., arcas with
peaks and valleys) and a lower density of centers in those
areas in which the curvature of the surface is low (i.e., areas
that are flat or close to flat).

To make this intuitive idea more precise, we need to
define in a more formal way what we mean by curvature.
One way of doing this is to introduce the Gaussian
curvature. Given a two-dimensional surface z(x,y), the
Gaussian curvature K is defined by
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Fig. 3 shows a plot of the magnitude of the Gaussian
curvature for a response matrix obtained using the standard
approach discussed in section 2 (i.e., a response matrix
based on Monte Carlo simulations).

2
10 "

8 %

> ;
26 )
e 10

4

A2
2 -14
2> 4 6 8 10 12 14 1 °

E [ MeV
n

Fig. 3. Contour plot of the common logarithm of the magnitude of
the Gaussian curvature, for a response matrix based on numerical
simulations.

The plot uses a logarithmic scale because the absolute value
of the curvature K| has a range that extends over several
orders of magnitude. The evaluation of the Gaussian
curvature was carried out with a program written in Matlab
[13], using built-in routines for the calculation of partial
derivatives.

Another possibility is to calculate the curvature along
fixed values of the neutron energy E,, which is physically
meaningful in this context because it corresponds to
calculating the curvature of each of the PHS that make up
the response matrix. This curvature is given by
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Fig. 4 shows the same plot as Fig. 3, but in this case
replacing the magnitude of the Gaussian curvature K by the
magnitude of C.
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Fig. 4. Contour plot of the common logarithm of the magnitude of
the curvature along PHS, for a response matrix based on numerical
simulations.

Figs. 3 and 4 indicate that there are two regions where
the curvature is highest: the area which is close to the lower
boundary (i.e., close to the line L = 0.4 MeV), and the area
which is close to the diagonal line which separates the
region where the response is zero (above the diagonal) from
the region where the response is positive (below the
diagonal). The intermediate region has lower curvature. This
suggests that the first two regions require a higher density of
centers than the intermediate region.

While the curvature plots proved to be helpful for
choosing the placement of the centers, we do not have at this
time a simple algorithm that can make the procedure
automatic. Therefore, the placement of the centers still
requires a certain degree of trial and error. More details on
the choice of centers will be given below in section 4 where
we present results of the analysis.

3.3. Choice of optimal parameters

As described in section 3.1, we carry out the Bayesian
analysis with the likelihood function of Eq. (4) and priors
for the parameters A; and y; which are uniform. Under these



conditions, Bayes’ theorem leads to a posterior probability
which is proportional to the likelihood function.

Our best estimate of A; and y; is given by the choice of
parameters that maximize the posterior; i.e., the values of A;
and p; at the mode of the posterior probability. For
computational reasons, it is convenient to search for the
maximum of the logarithm of the posterior distribution [12],
which in our case is given by
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The maximum of the mode can be calculated by finding
the point in parameter space where the derivatives of the
logarithm of the posterior distribution with respect to the A;
and y; are zero. For Eq. (7), this procedure leads to a set of
equations which is linear in the parameters [12]. Thus the
equations that determine the optimal values of 4; and y; can
be solved using matrix inversion methods. We carried out
this procedure with a program written in Matlab [13].

4. RESULTS

The data set available for the analysis is in the form of a
matrix Dy with j=1,...,2236 and k=1,...,1061. We are dealing
therefore with a fairly large data set of ~10° measurements.
The light output covers the range 0.4 MeV < L < 10.3 MeV
and the neutron energy the range 1.4 MeV < E,, < 17.0 MeV.

To test the method described in section 3, we carried out
an analysis on a subset of the data. The application of the
approach to the full response matrix is in principle
straightforward but computationally demanding, thus we
restrict here to a subset of the data which extends over the
range 0.4 MeV < L < 10 MeV of light output and the range
12 MeV < E,; < 16 MeV of neutron energies.

Based on the curvature plots (see Figs. 3 and 4), we
defined the following three regions: Region 1, extending
from L = 0.4 MeV to L = 2.2 MeV,; Region 2, extending
from L = 2.2 MeV to the diagonal line with the equation
L(E,) = (0.74 E, — 3.15); and Region 3, extending from the
diagonal line with the equation L(E,) = (0.74 E, - 3.15) to
the diagonal line with the equation L(E,) = (0.74 E,, - 1.65).

In Region 1, we placed the centers along nine lines of
constant £, separated by intervals of 0.5 MeV, while in
Regions 2 and 3 it was sufficient to place the centers along
five lines of constant £, separated by intervals of 1.0 MeV.
In Regions 1, 2 and 3, we placed the centers at intervals of
L =025 MeV, L = 0.75 MeV, and L = 0.20 MeV,
respectively. Thus Regions 1 and 3 have a higher density of
centers than Region 2.

As mentioned previously, while the plots of curvature
(Figs. 3 and 4) provide valuable insight, we do not have at
this time a simple algorithm that can make the placement of
the centers automatic. Therefore, this procedure still requires
a certain degree of trial and error, and its ultimate
justification is given by the quality of the results.

Figs. 5, 6 and 7 show results for three neutron energies,
E,=1225MeV, E,=15.25MeV, and E, = 16 MeV. These
particular values of E, were chosen because they correspond
to PHS located towards the boundaries of the interpolation

region, where two-dimensional interpolation methods often
encounter difficulties. Thus, they provide a good test of the
method.

Fig. 5 corresponds to a measurement made with a value
of E, which is at the lower end of the neutron energy region
of the fit (12 MeV < E, <16 MeV). The fit to the data
follows the measurement quite well and it does not display
artefacts despite the fact that there are no centers located
along this particular value of £,
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Fig. 5. Measurement (grey) and response derived using the
Bayesian approach (black) for 12.25 MeV monoenergetic neutrons.

Fig. 6 corresponds to a measurement made with a value
of E, which is at the higher end of the neutron energy region
of the fit (12 MeV < E, <16 MeV). Once more, the fit to the
data follows the measurement quite well and it does not
display artefacts despite the fact that also in this case there
are no centers located along this particular value of E,.
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Fig. 6. Measurement (grey) and response derived using the
Bayesian approach (black) for 15.25 MeV monoenergetic neutrons.

Finally, Fig. 7 corresponds to a measurement made with
a value of £, which is at the boundary of the neutron energy
region of the fit (12 MeV < E, <16 MeV). Notice that there
is some structure below L = 2 MeV; this structure is due to
nuclear reactions that result from the interaction of neutrons



of this energy with carbon nuclei. This structure, which does
not appear in Fig. 6, is followed quite well by the fit.

In all three cases, the response derived from the
Bayesian approach fits very well the measurements. This
remains true of other similar examples.
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Fig. 7. Measurement (grey) and response derived using the
Bayesian approach (black) for 16 MeV monoenergetic neutrons.

5. SUMMARY

We presented a Bayesian method which allows us to
determine the neutron response matrix of liquid scintillation
spectrometers given a set of measurements in monoenergetic
neutron fields. The response matrix was modelled using thin
plate splines, which are a particular type of radial basis
functions. The parameters of the model were chosen using
Bayesian parameter estimation methods. The method is to a
large extent independent of numerical simulations of the
response, which are only used to guide the choice of centers.

We discuss two issues which require further
development. First, the choice of centers for the radial basis
functions interpolation. We have proposed an approach that
is guided by plots of the curvature of simulated response
functions. While these plots have proven to be helpful, an
algorithm based on the curvature that can automatically
choose the centers is still not available. We intend to extend
this work, with the aim of determining a general method that
can accomplish this. Second, while the application of our
approach to the full response matrix is in principle
straightforward, in practice it is computationally demanding
and for this reason we have presented results which are
based on only a limited amount of data, covering only part
of the full response matrix. The next step is to extend our
method to the full response matrix.
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