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Abstract: A calibration and an adjustment of
measurement device are keys to realize a metrological
traceability. (Calibration means just checking without
adjustment in this paper.) Although the traditional online
quality engineering can be one of applications to determine
calibration interval and adjustment limit in terms of cost,
approximations used in the traditional quality engineering
are too rough to take stochastic behaviour of a bias in a
device into consideration. In this paper, we propose an
optimum calibration interval and an optimum adjustment
limit for a measurement device with a bias in accordance
with Brownian dynamics concerning a long-term cost.
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1. INTRODUCTION

A calibration and an adjustment of measurement device
are keys to realize a metrological traceability. In the present
study, calibration means just checking without adjustment as
shown in 2.39-NOTE 3 in the definition of calibration in
VIM3 [2]. And adjustment includes both of numerical and
mechanical correction of a gap between calibration value
and indication value. To realize a reliable calibration, in
Japan, we have accreditation bodies to review calibration
laboratories based on ISO/IEC 17025[1]. In the
accreditations, calibration intervals are usually determined
in a customary way and adjustments of measurement
devices are basically considered to be done after every
calibration. In terms of cost, this is not an optimum
measurement control. We look at this calibration-adjustment
issue from the view point of long term cost and propose a
procedure to compute an optimum set of a calibration
interval and an adjustment limit. Although, in reality, this
issue has been discussed in the traditional online quality
engineering on production field [3], the discussion is
insufficient in the case where property varies stochastically.
In this study, we propose optimized control when a bias in a
measurement device behaves as Brownian motion, using
parabolic loss function, which is usually employed in the
traditional quality engineering.

2. NOMENCLATURE

In the present paper, the symbols below are basically
used without explanations.

t: Time elapsed after a last adjustment.

T: Time interval between calibrations.

D: Adjustment limit.

X(t): Bias of measurement device.

i: Number of calibrations after the last adjustment.

y(iT): Measured value of X(t) in the calibration of t =iT.

€.: Measurement error in calibrations (y(iT) = X(iT) + €,).

e,: Error in an adjustment except for e, (x(0) =e, — €.).

y«(t): Expanded function of y(iT) with respect to continuous
value of t (y(t) = x(t) + en).

o.: Population standard deviation of e..

o,: Population standard deviation of e,.

B(t): Normalized Brownian motion (Eg[(B(t)-B(0))*] = 1t).

a: Diffusion coefficient.

& Dimensionless adjustment limit equal to D/ /T.

n: Dimensionless standard deviation of adjustment error
equal to ,/D.

E,[.]: Operator for expectation with respect to variable z.
E[.]: Operator for expectation with respect to B and e,. (E[.]
= EB[Eea[']])'

k: Value of i sufficing |y(iT)| > D.

y: Set of calibration values during t =0 ~ KT (y = (y(0), y(T),
..., Y(KT))).

Cq: Loss (= cost for poor quality) during t =0 ~ KT.

C.: Cost for a single calibration.

C.: Cost for a single adjustment.

Cr: Total cost during t =0 ~ KT.

L: Expected cost per unit time.

T": Optimum calibration interval.

D": Optimum adjustment limit.

T': Optimum calibration interval in the traditional quality
engineering.

D' Optimum adjustment limit in the traditional quality
engineering.



3. FORMULATION

It is assumed that a loss per time is given by a parabolic
function. This implies that a loss during t = 0 ~ KT, Cg, is
given as follows:

kT

Co = . qxidt. (1)

See reference 3 for determination of . x(0) is a bias
from an aimed value just after an adjustment. Since an
adjustment is done with a calibration result, an error in the
calibration can influence an error in the adjustment. We
divided an error in adjustment into two terms; a calibration
error, €., and a total error of the other factors, e,. Hence x(0)
=e, — €.

It is also assumed that motion of X(t) is Brownian. Thus,
the variation of X(t), dx, can be expressed as

dx=adB. (2

y(iT) is the measured value of X(iT) with the error of e..
Here, e, is assumed to be a constant. This means that a
calibration error is basically caused by systematic effects. In
other words, random effects in a calibration error are
negligible. Since a pertinent measurement system control
can reduce random effects in a calibration error, this premise
is actually natural.

Since the value of X(iT) is unknown eventually, y(iT) is
compared to an adjustment limit, D. When |y(kT)| > D, an
adjustment is done. k does not depend on e, but only on a
Brownian motion, B. A total cost during t = 0 ~ kT, Cy, is
given as follows:

kT 5
C, =L @ldt+C, +kC..  (3)

Here a continuous function of y(t) = x(t) + e, is defined for
convenience, because Y(t) is a discrete function which can be
defined only when t = iT (i = 1, 2, ..., k). The following
equation can be derived using Y(t):

kT kT
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This cannot be computed because we cannot know the value
of e.. Neither can Eq. (3) because Eq. (4) is a part of Eq. (3).
However, it is possible to compute the expectation of Eq. (3)
by regarding €, as a random variable. This means that e, is a
constant with respect to time as assumed above but the
constant value is derived stochastically. The expectation of
the second term in the right hand side of Eq. (4) with respect
to e, equals 0 and that of the third term is qo,’kT. Based on
the fact that k is irrelevant to e, we can obtain the
expectation of Ct with respect to e, E..[Cr], as follows:

E. [C:]= IOkT qy,’dt+qo,’kT +C, +kC,. (5

We can compute the expectation of Cr after computing the
expectation with respect to e, and B as well as e.. Let E[.] =
EslEedl-1]-

A time-weighted total cost per time, L, is a ratio of the
expectation of the total cost, E[Ct], to the expectation of
time between adjustments, E[KT]. Since KT is irrelevant to e,
Ee[E[KT]] = E[KT]. Thus, L is given as follows:
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An optimum time calibration interval, T", and an optimum
adjustment limit, D', can be defined as follows:

(T*,D*)z argmin(L).  (7)

T,D

The formulation is quite different from the one in the
traditional quality engineering (See 5.3). Moreover, Section
7 provides a comment on a time lag.

4. COMPUTATION

Except for particular cases (see Section 5), the
computation of Eq. (7) needs iterative calculations of Eq. (6).
Eq. (6) is able to be computed numerically. However, if
integration computations involving expectations are done
directly in every iteration, that can be too time-consuming to
finish the calculation in a realistic time. Here we propose
some artifices to be computed.

In the calculation of E[J,"qy’dt], we do not recommend
to reproduce a Brownian motion, B, with short time interval
as B(0), B(4t), B(24t), ..., B(KA4t = KT), but to reproduce a
set of calibration value, y = (y(0), Y(T), ..., y(kT)). Even
when y is given, a single Brownian motion is not determined
and several B are possible to realize the pass of y. Therefore,
it is necessary to integrate l¢Tqy2dt over all the possible
Brownian motions weighting their probabilities. Here, Yy (t)
(iIT <t < (i+1)T) is considered random variable which
derived from a normal distribution with the mean of the
weighted mean of y(iT) and y((i+1)T). The following
equation can be derived:
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Since E[KT] = Eg[E,[KT]], it is possible to calculate
E[lo"qy.dt] and E[kT] in Eq. (6) over e, and y with Monte
Carlo integration method.

However, it is unrealistic to execute the computation of
Eq. (6) every time T and D change in the iteration
calculation to get a solution of Eq. (7). Therefore, it is
proposed to regard L as the function of not only T and D but
also a dimensionless parameter of &= D*¢’T and 1 = &,/D.
This is because E[[,“'qydt] and E[KT] are proportional to
the functions with the parameters of £and 7. Thus,
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Concerning o,/D, D" < o, is obvious because hunting
oscillation was observed if not so. Therefore, it is adequate
to focus on the cases only when 77 < 1 when an optimization
is the purpose of the calculation. Once (& 7) and g(&,77) can
be approximated in simple function of & and 7, the
calculation of Eq. (6) can be done easily. To approximate
f(&,n) and g(&,77), we propose the following procedure.

(i) Setand . T=1/&n=0.

(i) n=n+ 1. y(0) = Ry, where R is derived from the normal
distribution with the mean of 0 and the variance 7.

(iii)  For i, y(iT) = y((i-1)T) + VT-R until |y(iT)| > 1, where
R is derived from the normal distribution with the mean of 0
and the variance 1.
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Gn=KT. Go to (ii) until N = n.

N
) f(en)-= ZF and 9(.1)=1-> G,
n=1
After calculating f(& #n) and g(& 7)) for various
combinations of (&, 7)), they are tabled or approximated to
simple functions. The table or approximation functions
together with Egs. (9) and (10) provide total loss, L, in
following equation without explicit integration calculations:
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An example of the approximation functions for f(& 7) and
9(&, n) applicable for 0.1 < £< 10, 7 <1 are shown in
Appendix.

5. ANALYTICAL SOLUTIONS

The computation to realize the above concept has no
difficulty other than the approximation of f(&7) and g(& 7).
However, there are the analytical solutions for several
special cases and they are meaningful in terms of practical
application.

5.1 Continuous calibration: When C, = 0, continuous
calibration (T" = 0) is the solution for the calibration interval.
Realistically, if one can calibrate a measurement device
every day or before every measurement irrespective to its
cost, the solution can be useful.

To start with, o, = 0 is assumed. In this case, the
adjustment is done at the moment of |x| = D. And to
determine D", E[J;"qy,dt] and E[KT] should be computed.
These expectations can be calculated to solve equivalent
differential equations [4]. Thus, L in Eq. (6) is given in the
simple form:

D2 ,C
L=g—+a"=%. 12
q p 0?2 (12)

Minimizing this, we obtain D" as follows:
1/4
. [6a’C, /
D = . (13)
q

When o, > 0 but D >> ¢,, D is given approximately as
follows:

12

6a’C v
D*=( j +o,’ (14)
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In this case, E[kKT] = (D? — &)/ approximately.
Recommended procedure is follows: (i) Calculate D” in
accordance with Eq. (13). (ii) Confirm o, < 1/3-D". (iii)
Confirm T < 1/10(D?— ¢,2)/c?. If 0, > 1/3-D" or/and T >
1/10-(D*— &,%)/ o, numerical calculation is recommended.

5.2 Adjustment after every calibration: When C, =0
and o, = 0, adjusting after every calibration is the best way
(D" = 0). Even when C, > 0, if device is adjusted after every
calibration, K is not a random variable but a constant of k = 1.
The expectations in Eq. (6) can be calculated as well as
Subsec. 5.1, and L can be given as follows:

C.+C, o’

L= L4+—qT . 15
Tt (15)




Minimizing this, we obtain T" as follows:
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When o, > 0, to prevent hunting oscillation, adjusting only
when |y(t)| > &, is the best way to control (D" = o). When
o,> would be negligibly smaller than o’T as ¢,/ T < 1/20,
T is given by Eq. (16) approximately. It should be noted
that since O'a2 does not contain the component of ogz, O'a2 can
be 0 when adjustment is conducted numerically.

5.3 Comparison to the traditional online quality
engineering’s solution: In the traditional quality
engineering, the adjustment limit, D, and the calibration
interval, T, are discussed. And the optimized combination is
given as (D', T') in following equations:

N
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These equations resemble to Egs. (13) and (16), respectively.

The minute difference between Eq. (13) and (17) is ascribed
to the deference of the probability density functions of X. In
the traditional quality engineering, the probability density
function of X is a priori given as the uniform distribution
with the range of (—D, D). On the other hand, we found that
the density distribution of x in Subsec. 5.1 is (isosceles)
triangle with the same range when o, = 0. Egs. (16) and
(18) are the same as each other when C, = 0. However, it
should be noted that D* and T~ given in Subsec. 5.1 and
Subsec. 5.2 are the optimized parameters in different
situations. Thus, although the equations provided by the
traditional quality engineering can be meaningful in some
situations, those cannot be solutions for a bias in accordance
with Brownian motion.

6. EXAMPLE

Our method is applied to an example in Subsec. 23.3 of
“Taguchi’s quality engineering handbook” (Wiley-
Interscience) [3]. This example is not for an adjustment in
calibration but for an adjustment in production, but the
mathematical properties of these two issues are totally the
same. Although in this example uncertainties are not taken
into consideration, they are considered in the present study
for a comparison.

The symbols are changed from the original ones to the
symbols used in this paper. Let the parameters of (¢, q, o,
Ga, Ce, Co) = (0.144 pum/(unit)"?, 0.003556 $/unit, 0 pm, 0
um, 1.5 $, 12 §) and this parameter set is referred to as
Parameter set A. Moreover, Parameter sets B and C are
given as (a, , G, 6,, Ce, C,) = (0.144 pm/(unit)"?, 0.003556
$/unit, 0.2 pm, 0 um, 1.5 $, 12 $) and (0.144 pm/(unit)'?,

0.003556 $/unit, 0.2 um, 0.5 um, 1.5 $, 12 $) respectively to
look at the influence of the uncertainties of calibration and
adjustment. We just neglect the time-lag parameter for
simplicity. See Sec. 7 regarding this.

To compare our proposal to the traditional online quality
engineering, the result of Parameter set A is discussed. The
optimum point based on the traditional online quality
engineering is given as (D', T") = (3.8 um, 201 units) as the
optimum point. Figure 1 shows the evaluated cost per
production unit. This is calculated based on Eq. (6). Figure 1
obviously shows that (D', T') is not the best point in terms of
cost. (D', T') is evaluated to be (2.9 pum, 292 units). The
minimized cost is L = $ 0.0344/unit. Thus, it is concluded
that traditional quality engineering is not applicable for the
adjustment of measurement device with a bias diffusing as
Brownian motion and the numerical approach is usually
necessary to obtain the optimum parameters in that case.

For Parameter set B, the optimum point is (D", T') = (2.9
pm, 292 units) similar to Parameter set A, but the minimized
cost is L = $ 0.0346/unit and different from Parameter set A.
It is natural that the difference in calibration uncertainty
affect only the cost. On the other hand, Parameter set C
gives the optimum point of (D°, T') = (3.0 um, 287 units)
and different from that provided by Parameter set A. It is
found that adjustment uncertainty affects the optimum point.
Moreover, the minimized cost is L = $ 0.0349/unit with
Parameter set C. These results imply that uncertainty in
adjustment is influential for the total cost to be larger as well
as uncertainty in calibration.
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Fig. 1 The contour of the evaluated cost per production unit
for Parameter set A. X-axis shows an adjustment limit and y-
axis shows calibration interval. The contours are drawn
every $ 0.001/unit from $ 0.035/unit. The minimum
expected cost per unit time is L = $ 0.0344/unit given at (D",
T%) = (2.9 um, 292 units), which differs from the optimum
point calculated wusing the traditional online quality
engineering of (D', T') = (3.8 um, 201 units).



7. SUMAMRY

The optimized calibration interval and adjustment limit
are not given based on the traditional online quality
engineering when a bias of measurement device diffuses in
accordance with Brownian motion. We proposed the method
to optimize the parameters based on the mathematical
formalism of the long-term-cost including the effect of
uncertainties of a calibration and an adjustment. We apply
this method to a realistic example and confirm the
differences between the results of the traditional quality
engineering and the proposed method.

The time lag parameter, AT, is not handled in the present
study. However the extension is easy. Formulation can be
done to replace E[[,"qy’dt] and E[KT] in Eq. (6) to
Eloay dt+y,(KT)?AT+aAT?/2] and E[KT]+ AT respectively.

In reality, the analytical solutions proposed in Sec. 6 will
be useful in actual systems. The conditioning for an
application of the analytical solutions will be our feature
task.
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APPENDIX

Here, the approximation equations for f(&,7) and g(&,7) in
Sec. 4. Let £=D¥a’T, 1= 0,/D and these equations can
be applied when 0.1 < £< 10 and 77 < 1. Letting {=
In(D*/&/T), the approximation equations are follows:

In(f(&,m) = (& n)
=0.1(10.3+0.1527 - 3.44577+1.947°+ - 0.4151")

+0.1( - 4.79+0.2657 - 3.317742.43 17 - 0.64211¢
+0.01(8.65+0.6307—5.06 77°+1.707°+0.923 ) &
+0.001( - 1.01 - 0.4377+5.6677°-1.6117 - 0.85451")¢
+0.001( - 1.08 - 0.5257+3.0717°-2.797°+0.785 1) ¢*

In(g(&m) = A&n)
=0.1(6.80+0.133 77+1.47n%+1.5077 - 0.4027")

+ (-1.14+0.0226 77 - 0.16077+0.0317 17°+0.0555 1) ¢
+0.1(1.84+0.141 77 - 1.171740.77977 - 0.275"¢?
+0.001(1.79 - 1.847+14.577 - 22.37°49.577H¢
+0.001( - 2.45 - 0.51477+4.3977 - 3.7617°+1.41 ¢



