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Abstract: The form qualities of precision components 

are essential for their functionalities. The Peak-to-Valley 

parameters are widely adopted to assess the form accuracy 

of optical components. The commonly used least squares 

method is prone to over-estimation, thus the Chebyshev 

fitting should in turn be implemented. In this paper the 

original minimax optimization problem is converted into an 

unconstrained differentiable minimization problem by 

exponential penalty functions. The fitting accuracy and 

numerical stability are balanced by employing an active-set 

strategy and adjusting the configuration parameters 

adaptively.  Finally some benchmark data sets are applied to 

demonstrate the validity and efficiency of this method. 

Keywords: form error, minimum zone, minimax 
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1. INTRODUCTION 

In precision engineering, the form qualities of precision 

components play an essential role in their functionalities, e.g. 

the transmission accuracy of gears, vibration of shafts, 

scanning uniformity of f-θ lenses, power efficiency of fan 

blades etc. Form errors are defined as the relative deviation 

between the measured data and the nominal shapes. The 

reference nominal surfaces are usually calculated in four 

approaches: least squares elements, minimum zone elements, 

maximum inscribed elements and minimum circumscribed 

elements [1]. 

 

Currently the Peak-to-Valley (PV) value is the most 

widely adopted parameter for the assessment of form 

accuracies of optical components, although the Root-of-

Mean-Squared (RMS) parameter of the form deviation is 

more closely related to their optical functionalities. The  

form errors is evaluated by fitting a nominal function to the 

measured data set. In coordinate metrology, it is the required 

form error parameters that determine the objective functions 

of the fitting program. The Chebyshev fitting should be 

implemented to calculate the PV form error according to the 

numerical optimisation theory. However, the Chebyshev 

fitting is not continuously differentiable, thus very difficult 

to be solved. At present most researchers and commercial 

software in precision engineering implement least squares 

fitting due to its simplicity, and the difference between the 

maximal and minimal residuals are taken as the PV 

parameter. But the solution is not consistent with the 

definition of form errors in ISO standards [2] and the PV 

values will be seriously over-estimated, which will lead to 

unnecessary rejection of acceptable parts.  

 

For simple geometries, like spheres, cylinders and cones, 

the tolerance zone is defined as the radial separation 

between two concentric elements. If considering symmetric 

tolerance only, it is equivalent to minimising the maximal 

orthogonal distance from the data points to the fitted surface, 
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where jq  is the projection point of a data point jp  onto the 

surface.  n
R∈x   are the unknown motion parameters m 

(rotation angles and translation vector) and shape parameters 

s. For the sake of computational simplicity, the 

transformation is always performed on the data points and 

the surface stays at the standard position. 

 

For complex surfaces, the shapes of the two banding 

surfaces do not keep similar, as a consequence the geometric 

meaning of the tolerance zone is generalised as the covered 

space by a moving sphere whose centre travels on the 

nominal surface. Therefore the minimum zone fitting is 

equivalent to minimising the radius/diameter of the sphere 

and the resultant PV parameter is the sphere diameter d, as 

shown in Figure 1. 

 

 
Figure 1. Minimum zone fitting of complex surfaces 

 

Various methods have been proposed to calculate the 

MZ form errors of simple geometries, e.g. computational 

geometry methods [3], support vector machines [4], simplex 

methods [5] and so on. But these techniques have serious 



limitations in restricted applicability. They usually need to 

identify different cases and then appropriate manipulation 

will be implemented according to the specific shape or point 

distribution. Therefore they are very inconvenient to be 

applied in practice. 

 

From the point view of numerical optimization, the MZ 

fitting is a discrete minimax problem. It can be 

approximated as a differentiable p-norm fitting problem. 

The solution approaches the Chebyshev fitting when p→∞ 

[6].  Subsequently the problem can be solved using the 

reweighted least squares technique. Some researchers turned 

it into a sequential linear programming [7] or sequential 

quadratic programming [8] problem, and the Gauss-Newton 

or quasi-Newton algorithm can be employed iteratively. 

These algorithms suffer from slow convergence when the 

solution approaches the region of the optimum point.  

 

With the development of computer science and global 

optimization techniques, some heuristic optimisers have also 

been adopted for the form error evaluation of complex 

shapes, e.g. genetic algorithms [9], immune evolutionary 

algorithm [10], particle swarm optimization [11], 

differential evolution [12] etc. These algorithms are very 

powerful and in most cases can obtain global optimal 

solutions. But their computational complexity is of NP order 

and the results are not deterministic, which causes very large 

uncertainty in the solutions. 

 

In this paper a fast and powerful method is presented to 

evaluate the MZ form errors of general complex surfaces. 

The original minimax optimization is transferred into an 

unconstrained differentiable minimization problem by 

exponential penalty functions. 

2.  CHEBYSHEV FITTING WITH EXPONENTIAL 

PENALTY FUNCTIONS 

2.1 The exponential penalty function method 

A discrete minimax problem 
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can be converted into a continuously differentiable problem 

using the exponential penalty function (also termed the 

aggregate function) [13] 
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From the numerical approximation theories it is known 

that 
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)(F)(Fp xx →  monotonically as p→∞. Therefore the 

approximation error can be quantitatively controlled by the 

smoothing parameter p.  A larger p is preferred in terms of 

fitting accuracy. But the ill-conditioning problem will be 

caused, as a consequence proper trade-off need to be 

carefully made. 

 

Now we investigate solving the differentiable 

optimisation problem in Equation (3) using the Newton’s 

algorithm. Its gradient and Hessian matrices can be 

calculated as, 
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To improve the numerical stability and enlarge the 

convergence domain, the Hessian matrix is modified as [14], 
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where )}(,0max{ xe−= δµ with )(xe  the smallest 

eigenvalue of )(2 xpF∇ , and δ a user-set parameter. In this 

way the Hessian matrix can always be guaranteed positive 

definite. As a result divergence of the solutions can be 

effectively avoided. 

 

Then the solution can be iteratively updated as 
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During the optimization process, most of the 

computation effort is spent on calculating the gradient and 

Hessian matrices. To improve the efficiency, only a subset 

of data points are applied. It is obvious that when p is 

sufficiently large and )()( xx Fd j < , the term 
{ }
{ })(exp
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is approximately equal to zero, thus the term { })(exp xjpd  

has little contribution to )(xpF  and can be ignored. An ϵ-

active set is defined as 
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Furthermore, the smoothing parameter p is adjusted 

adaptively during the optimization process. Combining the 

algorithms in [13] and [15], a simple and flexible adaptive 

active-set exponential penalty smoothing algorithm is 

presented as follows: 

 
1. Initialise solution x

(0)
, configuration 

parameters ),1,0(,, ∈κβα ,10 >>p   ,00 >ε  ,1>ξ  

,1>ς  ,0== ji and ϵ-active set )(
)0(

0 0
xεΩ=Ω . 

//Here a and b control the step length of the solution 

//incremental, k controls numerical stability of matrix 

//inversion, ξ  is used to update the smoothing parameter 

//p, and ς  is used to update the parameter ϵ. i counts 

//the iterates of solution incremental, and j counts the 

//iterates of adjustment of p and ϵ. 
 

2. Find descent direction. Compute )(
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and its Cholesky factor R such that 

Ti

p ii
RRxB =Ω )(

)(

,  and the reciprocal 
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If κ≥)(Rc , the inverse of the Hessian 
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//the Newton’s algorithm 

Else 
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//The steepest descent direction 

Endif 

 

3. Compute the step length by line search. 

Find the smallest integer k satisfying 
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//make sure the objective function is decreased 
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//make sure the point reduction by ϵ-active set does not 

//influence the solution seriously 

4. Update the solution 
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5. Adjust smoothing parameter. 

If i

i

p ii
F ε2)( )1(

, ≤∇ +
Ω x , the solution 

stagnates for this configuration, then set  
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//accept the solution as optimum for this configuration, 

//enlarge smoothing parameter p and reduce point 

//number in 
iεΩ  

1+← ii                                                 

1+← jj                                                

Else set 

ii pp =+1                                               

ii εε =+1                                               

1+← ii                                               

Endif 

 

If termination criterion is satisfied 

Break 

Else 

    Go to Step 2. 

Endif 

 

2.2 Mathematical formulation of Chebyshev fitting 

Without losing generality, the nominal geometric shape 

is represented in an implicit form as 0);( =sqf . Here 

Tzyx ],,[=q  are the coordinates of an arbitrary point on the 

surface and q
R∈s are the shape parameters (intrinsic 

characteristics) of the surface, e.g. the half axes lengths of 

an ellipsoid, half vertex angle of a cone etc. 

 

The Chebyshev fitting problem in Equation (1) is 

equivalent to 
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This formulae is applied in this paper hereafter. The 

calculation of the gradient and Hessian matrices is discussed 

in detail below. 

 

In Equations (5) and (6),  
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Now we consider the term 
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∂ j
, i.e. the dependency between the projection 

points and the motion/shape parameters, is very difficult to 

be calculated. Most researchers ignore it in their programs, 

but it is proved that the convergence rate will be seriously 

reduced [16]. We investigate calculating it in a tactful way. 

Since 0);(: == sff jj q , thus its complete differentiation is, 
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j
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 is along the normal 

vector of the surface, therefore it is parallel to )( jj qp − . 

This leads to 
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As for the term 
2
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into two groups m and s. It is obvious that 0
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 are ignored in practice. 

 

The flowchart of the Chebyshev fitting program is 

shown in Figure 2, 

 
Figure 2. Flowchart of the fitting program 

 

3.  NUMERICAL VALIDATION 

To demonstrate the validity of this algorithm, three 

examples were applied:  

an ellipsoid 1222 =++ czbyax ,  

a hyperbolic paraboloid 022 =−− ybzax  , 

and an aspheric surface  
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The same data points were adopted as in [12] and [17]. 

These three data sets have 56, 42 and 8100 data points 

respectively. Both the exponential penalty function (EPF) 

method and the differential evolution (DE) algorithm are 

applied for the Chebyshev fitting. The programs were coded 

in MATLAB and run on a PC with Intel Core (TM) -i5-2400 

CPU 3.10GHz and 4.00 GB RAM in the Ubuntu Linux 

system. The obtained results are listed in Table 1.  

Table 1. Comparison of DE algorithm with EPF method 

data sets 
DE results EPF results 

PV time PV time 

ellipsoid 0.063688 mm 56.17 s 0.063688 mm 1.86 s 

hyper parab 0.017796 mm 38.56 s 0.017796 mm 1.52 s 

asphere 3.21 mm 5.40 s 3.21 mm 2.34 s 

 

Input data {pj} 

Calculate projection {qj}  

Calculate descent direction and 

step length 

Update solution 

Convergent? 

stop 

yes 

no 

Adapt configuration parameters 

Initialise configuration 

Orthogonal least squares fitting  



Every run the DE program obtains different solutions, 

which causes very large uncertainty, and it is a inferiority of 

DE compared to EPF. In the table only the best results are 

recorded. The data set of the aspheric surface includes 8100 

points. If running the DE optimisation program directly 

using all the data points, it will take more than  two minutes. 

Therefore the alpha hull technique was employed first to 

reduce the point number before fitting.  

 

In the table it can be seen that the EPF can always obtain 

the global optima, which are as good as DE. But the running 

time of EPF is much less than that of DE for ellipsoid and 

hyperbolic paraboloid fitting, and even less than aspheric 

surface fitting by DE with alpha-shape point reduction. If 

carrying out orthogonal distance least squares fitting direct 

to these three point sets, the obtained PV parameters will be 

0.086813mm, 0.022467mm and 3.79mm respectively, 

which are 36.3%, 26.2% and 18.0% greater than the PV 

parameters obtained by the EPF Chebyshev fitting.  

 

These examples effectively demonstrated the necessity 

and validity of Chebyshev fitting to obtain the correct PV 

form error parameters. Furthermore, they also revealed the 

superiority of EPF minimum zone fitting of complex shaped 

surfaces over the differential evolution algorithm in terms of 

solution uncertainty and computational efficiency. 

 

4. CONCLLUSIONS 

The Chebyshev fitting can obtain the correct PV 

parameter of the form error. The proposed exponential 

penalty function method is computationally efficient and can 

overcome the premature convergence problem, which shows 

great superiority over other smoothing approximation 

techniques and heuristic searching algorithms. The fitting 

accuracy and numerical stability are balanced by employing 

an active-set strategy and adjusting the precision parameters 

adaptively. It is especially competitive when the 

optimisation problem is of a large scale, i.e. the number of 

data points is up to several thousand. 
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