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PROPAGATION OF MEASUREMENT UNCERTAINTY EXPRESSED BY A POSSIBILITY
DISTRIBUTION WITH COVERAGE-INTERVAL-BASED SEMANTICS
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Abstract: The main purpose of this paper is to present §7][8][9] and further developed by a few authors an
possibility theory-based generalization of convemdl measurement context [10] [11][12][13][14].
interval propagation to coverage intervals. Indekd,whole
set of coverage intervals for all the probabilitgvels This paper further explores the connection betwaen
stacked on top of one another constitutes a pdisgibi possibility distribution and the coverage intervald
distribution. Thus by slight modifications of Zadeh particularly addresses the propagation of uncdstain
extension principle, we will prove that it is pddsi to measurement. In section 2, we explain how a pdigibi
compute the coverage intervals of an indirect memawsent distribution can be built from coverage intervaisthe third
from many other measurements (possibly dependgng b section, we present the main contribution of thpepai.e.
known non decreasing relationship. how to propagate coverage intervals by a formutsety
related to Zadeh's extension principle [15] prombder
Keywords: uncertainty propagation, coverage intervalspossibility distributions. Some concluding remapksnt out

possibility theory. the interest of the approach and some future dpusdats.
1. INTRODUCTION 2. COVERAGE INTERVALS AND POSSIBILITY
. . ISTRIBUTION
Uncertainty is a key concept for the measuremen
expression [1][2][3]. Indeed, in many applicatioanthins, Let us assume that the considered variahbleder

take the measurement uncertainties into account imeasurement is continuous and is guaranteed twitien
important. This will allow to define, around the i

p _ fine, e an intervall x;,, x™].
measurement result, an interval which will contan

important part of the distribution of the measunedues, 2.1. Coverage interval definition
that is, a coverage interval [4]. Such an interftather ' 3
allows to define decision risks, as for example tis& to For every possible coverage probabilify[0,1], the

accept a defective lot, the risk to exceed an atareshold,  corresponding coverage interval is defined as &mial that
etc. Moreover, when the measurement uncertainty igontainsxwith a probability exactly equal tg3. In other

defined, it is also sometimes necessary to propalgqFor words, a coverage interval of coverage probabiéiixel 8
example, the uncertainty associated to an envirohme

temperature measurement will have to be propagtied (denoted , :[X,M(,B),x””(ﬁ)}) is defined as an interval
define the uncertainty associated to the sounddspethis

X for which the probability p,, of being outside this interval
environment.

def
| ;is exactlya =1- 3 [16].

Note that some authors consider the closely related
notion of statistical coverage interval for which it can be
stated with a given coverage probability that ibtedns at
least (instead of exactly) a specified proportion of the
population [16]. Here, we will consider the notiaof
dtatistical coverage intervals but we will refer to them as
coverage intervals.

A main tool to deal with sensor measurement unirgyta
is statistics [5]. This tool requires a mathematsgpport to
be used, especially to propagate uncertainties. Tan
theories are considered : the interval calculusged the
probability theory [5]. Although the interval calas allows
simple calculations, the resulting model is verypigtise.
Moreover, it only supplies the coverage intervalha 100%
coverage probability. Thus, the use of the prolitgttiheory
seems to be necessary to supply coverage intetwatiso
handle the whole sets of coverage intervals isequoimplex
by a probability approach. And choosing a particula
coverage probability (e.g. 95% which means a 0.0
probability for the value to be out of the intefjved rather
arbitrary. Thus a possibility approach has beemp@sed in

An important point is that the notion of coverage
intervals relies only on the theory of probabiliyithout
émporting any principle of inference, as is theecdsr the
notions of confidence, credible or fiducial intelsza



In fact, there are two possibilities for to be outside the If we know the valuex?'(B8) and x% (B) for all 3,

interval [ x,,(8),x* (B)]: then :
- whenx is smaller than the lower boung,,(5) and - when=05, we can reconstrugt,(B)as
- when xis larger than the upper bountf () . Xow (2B —1) and x*(p) as xg,(28-1),
Thus, the probabilityp,, that xis outside the confidence =~ - whenf<0.5, we can reconstrugf,(B)as
interval is equal to the sum of two probabilities: Xgm(L=2/3) and x*(p) as x5, (1-28).
- the probability thatx is smaller than the lower bound
Xaw(B) and, Thus it is sufficient to consider only one of these
- the probability thatxis larger than the upper bound representations, e.g. the representation by interva
X*(B) . [Xou(B). X" ].
2.2. Different types of coverageintervals 2.3. Possibility representation
For the same statistical distribution and for tlene Obviously, the coverage intervals built around saene

coverage probability, we can have different typels opoint x* are nested. It has been proven in [16] that stacki
coverage intervals. Indeed, we can impose thatdherage coverage intervals on top of one another leads to a
intervals are defined around a same poirit, generally a possibility distribution (denotedz* having x* as modal
“one-point” estimation of the “true” value, for exple the value). In fact, this way, thea-cuts of 77*, ie.

meig,rtgfaﬁitlj;acvgrct;s St:r;ct)de of the statisticafiiision. A, ={x/m*(X) za} are identified to the coverage intervals

- X,,(B)=x,. and find the valug®(p) for which the I; of coverage probability3 =1-a around the nominal
probability Pr[x< x® (8)]that x<x*(B)is equal to valuex.
B Thus, the possibility distribution* encodes the whole

_ _ set of coverage intervals in its membership fumctio
- orx®(B) = x™ and find the value,,, (5) for which the  Moreover, this possibility distribution satisfies:

probability Pr[x= x,, (8)]that x=x,,(B)is equal to OA OR, /7" (A) 2P(A)
B, with /7" and Pthe possibility and probability measures

- or also we can impose the symmetry, i.e. to findessociated respectively tor*and p (the underlying
x¥"(B) for which the probability thatx< x®"(fB)is  probability density function of the statistical nseeements).

. For example, if we considex™ as the nominal point to
— _ up
equal to a/2=(1-p)/2and x;,(f) for which the build the coverage intervals, then we obtain foergv

probability thatx > x3> () is also equal tar/2. X, (B) belonging to ':Xm e
There are many other options, but in practice the most. (¥ =B/%a,(f)=x. In  particular ~we have

used situations is the last one because it leads " (x_)y=0and 7™ (x™) =1. Note that in this case, if
min * 1

symmetric  intervalsx%(B), x5,(8)| around the the variable is described by a probability densityction
median. Moreover, for symmetric distributions, thesep, then the possibility distribution collecting athe

intervals are the coverage intervals which have theoverage intervals is related to the probabilitgtrithution
shortest length. Note also that the different possibilitiesunction F corresponding top by:

express the same information, albeit in different forms, mox
but we can reconstruct one from another for continuous 77 (X =F(X).
distribution as presented hereafter. If F is symmetric, the stacking up of the symmetric

coverage intervals around the distribution modeigivtis
If we know the value x*(B)for all@, we can €qualto the median and to the mean) leads todlfening
reconstruct possibility distribution expression:
- Xou(B)as x®(1- ), and for x < x,, 77 (x) = 2F ()
- X% (B) and X () as, respectively™®((1- 8)/2)and for x> x_, 77 (x) = 2(1- F (x))
x*(1-@1-5)12) For example for a uniform probability distribution

If we know the value x, (8)for all B, we can aVIr?g”[xm.m,% Jas SUp_por, V\{e ind a triangular
reconstruct : possibility distribution (seen:‘:ngure 1):

X asx., (- h). and for X< x,, 7% (x) = <%
- X% (B) and xh (B) as, respectively: Xy =X
Xow(1= (1= B)/2)and X, (1~ B)/2).



max

X=X
forxzx , 7" (X)=———.
or X=X, (x) N

max

Possibility distribution

Triangular possibility 1
associated to p

representation associat
to the uniform
probability density

Unimodal bounded
probability density p

» X

max
Xmin Xm X

Figure 1: Example of possibility distributions

Note that the triangular possibility distributionrdinates all
the possibility distributions associated to all modal
probability distributions having the same

[xmm,x”“*x] and the same mode [17].

3. PROPAGATION OF POSSIBILITY

As some quantitiesy are difficult to measure directly
we often measure quantitiex,...,x related toy by a
known relationshipy = f(x,...,x,). Whenx is described

by coverage intervals gathered in the associatedilpitity
distribution, it is thus required to produce thesuléing

coverage intervals fory (and the associated possibility

distribution). Indeed, to get a coverage interhalt tcontains

support

- %0 Xw(@) ™ ] i S X, (@) with

probability a, ;
- X O X (@) X ]
probability a,, ;

i.e.,X, < X, (a,) with

Since the probabilities are independent , we carefbre
conclude that with the probabilitya,x..xa,all n

inequalities hold, i.e.x < x,,(a,), ..., andx < x,..(a,) .
Since the functionf(x,...,x,)is non decreasing, we can
conclude with the coverage probability, x...xa, that we
have:

y=f(%, %)< T (X, @), X oW @, ).

Thus we have a bound that boungidrom above with
the probabilitya, x...xa, . In particular, if we selecty, for
which the producta, x...xa, is equal tar, we get the

bound corresponding to the given.
Our goal is to find the smallest of such boundswsacan

' take:

ylow(a) = mina:alx“.xan f (X]JOW (al)’ ""anow @n ))
Let us reformulate the above equation in terms of
corresponding possibility distributiong (x ) and 71(y) .

Note that by a =y, (a)) and
a, = 7 (X10,(@)) - ThUs, (@) and x,,,(a;) are the quasi-

definition,

y with probability 85% for example, we cannot simply inverse functions ofr(y,,,(a)) and 7z (x,,,(a,)) . Note that

apply interval computations to the intervals thantain
respectively x, and x, with probability 85%; the resulting

interval would includey with the probability of the joint
event that is< 85%.

We will see hereafter that the formulas for compuiti
such propagated coverage intervals are closelyecklaith
the formulas for processing possibility distribuigoby using
Zadeh’s extension principle [15]. In this paper, wl

assume that the functiof is a non-decreasing function of

all its variables.

We consider first the case of independent variabhes
then the case of possibly dependent variables andse the

coverage interval representatior] X, (8), X" |, i.e.

7" (x) = F(x) for demonstrating the proposed results.

3.1. Result for the independent case
Let us seta and try to find fory= f(x,...,x,), the
value vy, (a)for which the probabilityPr[y <y, @)] is

equal toa .
Let us remark that for every tuple,,...,a, ), we have:

- % D[xﬂw(al),x’l“ax] i.e.,% < X, (a,) with probability
a;

these latter functions are non decreasing onesgththey
are probability distribution functions. Thus, adatiog to the
duality theorem of Frank and Schweizer [18]:

MiN, g x xa, f Kyow @1, X500 @, ))is the quasi inverse

Therefore:

m(y) = maxf(xl ).

ow " Xoiow J7Y ﬂi (Xl\ow )X X ﬂn 0(n\ow
This latter equation is in fact Zadeh'’s extensiongple
where the operatomin has been replaced by the operator

product.

Let us consider for example the sum of two uniform
probability distributions having as supp¢r1,+1], then the
resulting probability distribution is a triangulame with
support [-2,+2]. Using the associated possibility
representation leads to triangular possibilityriisttions for
the inputs and to the parabolic one for the rasylSum by
applying Zadeh's extension principle. Moreover, sthi
parabolic possibility distribution correspond te tiangular
probability distribution.

3.2. Result for the possibly dependent case

Let us now consider the case when the variables are
possibly dependent. The dependence can be expresded
the form of a copula C that relates the marginabphbility



distribution function to the joint probability dighution
[19]: F,(x,%,) = C(F.(xy), F,(Xy))

Thus following the same development as in the
preceding paragraph, all n inequalities i.& < x,,, (a,), \
..., andx, < x,..(a,) . hold with a probabilityC(a,,...,a, ). C(a,b)=ab C(a,b)=max(a+-1,0)
Since the functionf(x,...,x,)is non decreasing, we can
conclude with probabilityC(a,, ...,a, ) that we have: . . - X

Y= 05X ) f Oy @)X € ) 1 b
Thus we have a bound that boungsrom above with Figure 2: Possibility distribution for the sum efd uniform
probability C(a,,....,). In particular, if we select, for probability distributions for different dependerzase
which the value C(a,,...,a,) is equal tar, we get the

C(a,b=min(a,b) 1

bound corresponding to the given. 3.4. Discussion
Our goal is to find the smallest of such boundsywso , . .
can take: In practice, dependence between the variablestéen of
o given under the form of correlation coefficientsefidall,
Yiow (@) = MG g g,  Caon (@1 X0, @))- Spearmann,...). Thus to apply the proposed appr@alihik
According to the same theorem of Frank and Schweizehetween the correlation and the copula must betifsh
[17]: Some studies have already been made to tackleribidem

MiN,_ o T Kiow (@1), - X0 @, )i the quasi inverse [19]. Another approach consists in deriving the ulap

C@,,..a. ). Therefore: directly from the data.

)). 4. CONCLUSION

function of max;, . .,

Xow Xt J=Y C (ﬂi (Xl\uw )' ]T” é(nlow

nlow

The presented relationship between nested coverage

intervals and a possibility distribution is an imsting

uDridge between probability and possibility theoridhey

provide us a with tool to propagate measuremengnaicity

expressed under the form of a possibility distitrutby

n%\pplying Zadeh's extension principle albeit witldifferent

i . t-norm, i.e. a copula which represents the deperelen
max@+b-1,0<C@b) mnab between the variables. For instance, only propagaty a

non decreasing function has been considered (eéditian).
Let us pursue the preceding example of the sumvof t Future development will concern other functions.

uniform probability distributions but in the caséeve no

information about dependence is available. In tasise we

have:

ming ., -, C1 (%) +77,(x,)-1L,0)< 77 (y)

andr(y) < minf(xl,xz):y C (71, (%,), 77, (X))

In fact the two bounds are triangular possibility
distributions which bracket the parabolic posdipili
distribution obtained for the independent casee (fgure
2).

This latter equation is in fact Zadeh'’s extensiongple
where the operator min has been replaced by the I€op
representing the dependence between the variables.

In fact it has been demonstrated that when
information is available about dependence, we i@k

3.3. Summary

In summary, the computation of coverage intervélaro
indirect measurement related to direct measuremmyta
non decreasing function can be done by using Zadeh
extension principle, in which thein operator is replaced by
a copula operator representing the dependence éetthe
variables. For instance, independence is repreddntehe
product operator. When no information about the
relationship between the variables is available, the result
of propagation is bounded by the results obtaingdiging
the extreme copulas C(a,b)=max@+b-1,0)and
C(a,b) = min(a,b)in the possibility propagation.
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