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Abstract: The main purpose of this paper is to present a 
possibility theory-based generalization of conventional 
interval propagation to coverage intervals. Indeed, the whole 
set of coverage intervals for all the probability levels  
stacked on top of one another constitutes a possibility 
distribution. Thus by slight modifications of Zadeh’s 
extension principle, we will prove that it is possible to 
compute the coverage intervals of an indirect measurement 
from many other measurements (possibly dependent) by a 
known non decreasing relationship. 
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1.   INTRODUCTION 

Uncertainty is a key concept for the measurement 
expression [1][2][3]. Indeed, in many application domains, 
take the measurement uncertainties into account is 
important. This will allow to define, around the 
measurement result, an interval which will contain an 
important part of the distribution of the measured values, 
that is, a coverage interval [4]. Such an interval further 
allows to define decision risks, as for example the risk to 
accept a defective lot, the risk to exceed an alarm threshold, 
etc. Moreover, when the measurement uncertainty is 
defined, it is also sometimes necessary to propagate it. For 
example, the uncertainty associated to an environment 
temperature measurement will have to be propagated to 
define the uncertainty associated to the sound speed in this 
environment. 

 
A main tool to deal with sensor measurement uncertainty 

is statistics [5]. This tool requires a mathematical support to 
be used, especially to propagate uncertainties. Two main 
theories are considered : the interval calculus [6] and the 
probability theory [5]. Although the interval calculus allows 
simple calculations, the resulting model is very imprecise. 
Moreover, it only supplies the coverage interval of the 100% 
coverage probability. Thus, the use of the probability theory 
seems to be necessary to supply coverage intervals, but to 
handle the whole sets of coverage intervals is quite complex 
by a probability approach. And choosing a particular 
coverage probability (e.g. 95% which means a 0.05 
probability for the value to be out of the interval) is rather 
arbitrary. Thus a possibility approach has been proposed in 

[7][8][9] and further developed by a few authors in a 
measurement context [10] [11][12][13][14].   

 
This paper further explores the connection between a 

possibility distribution and the coverage intervals. It 
particularly addresses the propagation of uncertainty in 
measurement. In section 2, we explain how a possibility 
distribution can be built from coverage intervals. In the third 
section, we present the main contribution of the paper, i.e. 
how to propagate coverage intervals by a formula closely 
related to Zadeh’s extension principle [15] proposed for 
possibility distributions. Some concluding remarks point out 
the interest of the approach and some future developments.   

 
2. COVERAGE INTERVALS  AND POSSIBILITY 
DISTRIBUTION 

Let us assume that the considered variablex under 
measurement is continuous and is guaranteed to lie within 

an interval max
min ,  x x .  

2.1. Coverage interval definition 

For every possible coverage probability [ ]0,1β ∈ , the 

corresponding coverage interval is defined as an interval that 
containsx with a probability exactly equal to β . In other 

words, a coverage interval of coverage probability level β  

(denoted ( ), ( )β β β =  
up

lowI x x ) is defined as an interval  

for which the probability outp of being outside this interval 

βI is exactly 1α β= −
def

 [16].  

Note that some authors consider the closely related 
notion of statistical coverage interval for which it can be 
stated with a given coverage probability that it contains at 
least (instead of exactly) a specified proportion of the 
population [16]. Here, we will consider the notion of 
statistical coverage intervals but we will refer to them as 
coverage intervals.  

 
An important point is that  the notion of coverage 

intervals relies only on the theory of probability without 
importing any principle of inference, as is the case for the 
notions of confidence, credible or fiducial intervals. 

 



In fact, there are two possibilities for x  to be outside the 

interval ( ), ( )β β  
up

lowx x : 

- whenx  is smaller than the lower bound ( )βlowx and 

- when x is larger than the upper bound ( )βupx . 

Thus, the probability outp that x is outside the confidence 

interval is equal to the sum of two probabilities: 
- the probability that x  is smaller than the lower bound 

( )βlowx and, 

- the probability that x is larger than the upper bound 

( )βupx . 

2.2. Different types of coverage intervals 

For the same statistical distribution and for the same 
coverage probability, we can have different types of 
coverage intervals. Indeed, we can impose that the coverage 
intervals are defined around a same point *x , generally a 
“one-point” estimation of the “true” value, for example the 
mean, the median or the mode of the statistical distribution.  

For example, we can set  
- min( )β =lowx x and find the value ( )βupx for which the 

probability Pr ( )β ≤ 
upx x that ( )β≤ upx x is equal to 

β , 

- or max( )β =upx x and find the value ( )βlowx for which the 

probability [ ]Pr ( )β≥ lowx x that ( )β≥ lowx x is equal to 

β , 

- or also we can impose the symmetry, i.e. to find 
( )

low

symx β  for which the probability that ( )
low

symx x β≤ is 

equal to / 2 (1 ) / 2α β= − and ( )up
symx β  for which the 

probability that ( )up
symx x β≥  is also equal to / 2α . 

 
There are many other options, but in practice the most 
used situations is the last one because it leads to 

symmetric intervals ( ), ( )β β  
sym up
low symx x  around the 

median. Moreover, for symmetric distributions, these 
intervals are the coverage intervals which have the 
shortest length. Note also that the different possibilities 
express the same information, albeit in different forms, 
but we can reconstruct one from another for continuous 
distribution as  presented hereafter. 
 
If we know the value ( )βupx for all β , we can 

reconstruct : 
- ( )βlowx as (1 )β−upx , and  

- ( )βsym
lowx and ( )βup

symx as, respectively ((1 ) / 2)β−upx and 

(1 (1 ) / 2)β− −upx . 

If we know the value ( )βlowx for all β , we can 

reconstruct : 
- ( )βupx as (1 )β−lowx , and  

- ( )βsym
lowx and ( )βup

symx  as, respectively: 

 (1 (1 ) / 2)β− −lowx and ((1 ) / 2)β−lowx . 

If we know the value ( )βsym
lowx  and ( )βup

symx  for all β , 

then : 
- when 0.5β ≥ , we can reconstruct ( )βlowx as 

(2 1)β −sym
lowx  and ( )βupx as (2 1)β −up

symx ,   

- when 0.5β ≤ , we can reconstruct ( )βlowx as 

(1 2 )β−up
symx  and ( )βupx as (1 2 )β−sym

lowx . 

 
Thus it is sufficient to consider only one of these 
representations, e.g. the representation by intervals  

max( ),lowx xβ   . 

2.3. Possibility representation 

Obviously, the coverage intervals built around the same 
point *x  are nested. It has been proven in [16] that stacking 
coverage intervals on top of one another leads to a 
possibility distribution (denoted *π  having *x as modal 
value). In fact, this way, the α-cuts of *π , i.e. 

{ }/ * ( )α π α= ≥A x x  are identified to the coverage intervals 
*
βI  of coverage probability 1β α= −   around the nominal 

value *x .  
Thus, the possibility distribution *π encodes the whole 

set of coverage intervals in its membership function. 
Moreover, this possibility distribution satisfies: 

*A R, (A) P(A)Π∀ ⊂ ≥  

with *Π and P the possibility and probability measures 
associated respectively to *π and p  (the underlying 

probability density function of the statistical measurements). 
For example, if we consider maxx as the nominal point to 

build the coverage intervals, then we obtain for every 

( )lowx β  belonging to max
min ,  x x , 

max

( ) / ( )x
lowx x xπ β β= = . In particular we have 

max

min( ) 0x xπ = and 
max max( ) 1x xπ = . Note that in this case, if 

the variable is described by a probability density function 
p , then the possibility distribution collecting all the 

coverage intervals is related to the probability distribution 
function F  corresponding to p  by: 

max

( ) ( )x x F xπ = . 

If F is symmetric, the stacking up of the symmetric 
coverage intervals around the distribution mode (which is 
equal to the median and to the mean) leads to the following 
possibility distribution expression: 

for , ( ) 2 ( )mx
mx x x F xπ≤ =  

for , ( ) 2(1 ( ))mx
mx x x F xπ≥ = −  

For example for a uniform probability distribution 

having max
min ,  x x as support, we find a triangular 

possibility distribution (see figure 1): 

for
min

min
, ( )mx

m
m

x x
x x x

x x
π −≤ =

−
, 



for
max

max
, ( )mx

m
m

x x
x x x

x x
π −≥ =

−
. 

 

T riangular possib ility 
representation associated  

to the uniform 
probability density 

Possibility distribution 
associated to p 

xm  xm ax xm in 

x 

π 

1 

Unimodal bounded 
probability density p 

 

Figure 1: Example of possibility distributions 
 
Note that the triangular possibility distribution dominates all 
the possibility distributions associated to all unimodal 
probability distributions having the same support 

max
min ,  x x and the same mode [17]. 

3. PROPAGATION OF POSSIBILITY  

As some quantities y  are difficult to measure directly, 

we often measure quantities 1,..., nx x related to y  by a 

known relationship 1( ,..., )= ny f x x . When ix is described 

by coverage intervals gathered in the associated possibility 
distribution, it is thus required to produce the resulting 
coverage intervals for y  (and the associated possibility 

distribution). Indeed, to get a coverage interval that contains 
y with probability 85% for example, we cannot simply 

apply interval computations to the intervals that contain 
respectively 1x and 2x with probability 85%; the resulting 

interval would includey with the probability of the joint 

event that is 85%< . 
 
We will see hereafter that the formulas for computing 

such propagated coverage intervals are closely related with 
the formulas for processing possibility distributions by using 
Zadeh’s extension principle [15]. In this paper, we will 
assume that the function f  is a non-decreasing function of 

all its variables.  
 
We consider first the case of independent variables and 

then the case of possibly dependent variables and we use the 

coverage interval representation max( ),lowx xβ   , i.e. 
max

( ) ( )x x F xπ = for demonstrating the proposed results. 

3.1. Result for the  independent case 

Let us set α  and try to find for 1( ,..., )= ny f x x , the 

value ( )lowy α for which the probability [ ]Pr ( )lowy y α≤  is 

equal to α .  
Let us remark that for every tuple 1( ,..., )nα α , we have: 

- max
1 1 1 1( ),lowx x xα ∉    i.e., 1 1 1( )lowx x α≤ with probability 

1α ; 

- max
2 2 2 2( ),lowx x xα ∉    i.e., 2 2 2( )lowx x α≤ with 

probability 2α ; 

- … 

- max( ),n nlow n nx x xα ∉    i.e., ( )n nlow nx x α≤ with 

probability nα ; 

 
Since the probabilities are independent , we can therefore 

conclude that with the probability 1 ... nα α× × all n 

inequalities hold, i.e., 1 1 1( )lowx x α≤ , …, and ( )n nlow nx x α≤ . 

Since the function 1( ,..., )nf x x is non decreasing, we can 

conclude with the coverage probability 1 ... nα α× × that we 

have: 

1 1 1( ,..., ) ( ( ),..., ( ))n low n ny f x x f x x lowα α= ≤ . 

Thus we have a bound that bounds y from above with 

the probability 1 ... nα α× × . In particular, if we select iα for 

which the product 1 ... nα α× ×  is equal toα , we get the 

bound corresponding to the given α . 
Our goal is to find the smallest of such bounds, so we can 

take: 

1 ... 1 1( ) min ( ( ),..., ( ))
nlow low nlow ny f x xα α αα α α= × ×= . 

Let us reformulate the above equation in terms of 
corresponding possibility distributions ( )π i ix and ( )π y .  

Note that by definition, ( ( ))lowyα π α= and 

( ( ))i i ilow ixα π α= . Thus, ( )lowy α  and ( )ilow ix α are the quasi-

inverse functions of ( ( ))lowyπ α and ( ( ))i ilow ixπ α . Note that 

these latter functions are non decreasing ones though they 
are probability distribution functions. Thus, according to the 
duality theorem of Frank and Schweizer [18]: 

1 ... 1 1min ( ( ),..., ( ))
n low nlow nf x xα α α α α= × × is the quasi inverse 

function of 
1( ,..., ) 1max ( ... )

nf x x y nα α= × × .  

Therefore: 

1
1

1( ,..., )
( ) max ( ) ... ( )

low nlow
low nlow

nf x x y
y x xπ π π

=
≥ × × . 

 
This latter equation is in fact Zadeh’s extension principle 

where the operator min has been replaced by the operator 
product. 

 
Let us consider for example the sum of two uniform 

probability distributions having as support [ ]1, 1− + , then the 

resulting probability distribution is a triangular one with 
support [ ]2, 2− + . Using the associated possibility 

representation leads to triangular possibility distributions for 
the inputs and to the parabolic one for the resulting sum by 
applying Zadeh’s extension principle. Moreover, this 
parabolic possibility distribution correspond to the triangular 
probability distribution.  

3.2. Result for the possibly dependent case 

Let us now consider the case when the variables are 
possibly dependent. The dependence can be expressed under 
the form of a copula C that relates the marginal probability 



distribution function to the joint probability distribution 
[19]: 1 2 1 1 2 2( , ) ( ( ), ( ))=yF x x C F x F x  

Thus following the same development as in the 
preceding paragraph, all n inequalities i.e., 1 1 1( )lowx x α≤ , 

…, and ( )n nlow nx x α≤ . hold with a probability 1( ,..., )nC α α . 

Since the function 1( ,..., )nf x x is non decreasing, we can 

conclude with probability 1( ,..., )nC α α that we have: 

1 1 1( ,..., ) ( ( ),..., ( ))n low nlow ny f x x f x xα α= ≤ . 

Thus we have a bound that bounds y from above with 

probability 1( ,..., )nC α α . In particular, if we select iα for 

which the value 1( ,..., )nC α α  is equal toα , we get the 

bound corresponding to the given α . 
Our goal is to find the smallest of such bounds, so we 

can take: 

1 ... 1 1( ) min ( ( ),..., ( ))
nlow low nlow ny f x xα α αα α α= × ×= . 

According to the same theorem of Frank and Schweizer  
[17]: 

1 ... 1 1min ( ( ),..., ( ))
n low nlow nf x xα α α α α= × × is the quasi inverse 

function of 
1( ,..., ) 1max ( ,..., )

nf x x y nC α α= . Therefore: 

1
1

1( ,..., )
( ) max ( ( ),..., ( ))

low nlow
low nlow

nf x x y
y C x xπ π π

=
≥ . 

 
This latter equation is in fact Zadeh’s extension principle 

where the operator min has been replaced by the Copula 
representing the dependence between the variables. 

 
In fact it has been demonstrated that when no 

information is available about dependence, we have [19]: 
max( 1,0) ( , ) min( , )a b C a b a b+ − ≤ ≤  

 
Let us pursue the preceding example of the sum of two 

uniform probability distributions but in the case where no 
information about dependence is available. In this case we 
have: 

1 2

1 2

( , ) 1 1 2 2

( , ) 1 1 2 2

min ( ( ) ( ) 1,0) ( )

( ) min ( ( ), ( ))

f x x y

f x x y

C x x y

and y C x x

π π π
π π π

=

=

+ − ≤

≤
 

In fact the two bounds are triangular possibility 
distributions which bracket the parabolic possibility 
distribution obtained for the independent case. (see figure 
2). 

3.3. Summary 

In summary, the computation of coverage intervals of an 
indirect measurement related to direct measurements by a 
non decreasing function can be done by using Zadeh’s 
extension principle, in which the min operator is replaced by 
a copula operator representing the dependence between the 
variables. For instance, independence is represented by the 
product operator. When no information about the 
relationship between the variables ix  is available, the result 

of propagation is bounded by the results obtained by using 
the extreme copulas ( , ) max( 1,0)= + −C a b a b and 

( , ) min( , )C a b a b= in the possibility propagation. 

 

C (a,b=m in(a,b) 

C (a,b)=ab 

0 +2 -2 
x 

π 

1 

C(a,b)=max(a+b-1,0) 

+1 -1 

 

Figure 2: Possibility distribution for the sum of two uniform 
probability distributions for different dependence case 

 

3.4. Discussion 

In practice, dependence between the variables is often 
given under the form of correlation coefficients (Kendall, 
Spearmann,…). Thus to apply the proposed approach, a link 
between the correlation and the copula must be identified. 
Some studies have already been made to tackle this problem 
[19]. Another approach consists in deriving the copula 
directly from the data.  

4. CONCLUSION 

The presented relationship between nested coverage 
intervals and a possibility distribution is an interesting 
bridge between probability and possibility theories. They 
provide us a with tool to propagate measurement uncertainty 
expressed under the form of a possibility distribution by 
applying Zadeh’s extension principle albeit with a different 
t-norm, i.e. a copula which represents the dependence 
between the variables. For instance, only propagation by a 
non decreasing function has been considered (e.g. addition). 
Future development will concern other functions. 
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