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Abstract: Linear Regression Analysis (LRA) is one of thethis paper is to study the application of such@edure in

statistical tools most intensively used in all lofaes of
science, with many applications in the study of soeament
processes and is therefore important in metrolobiye
implementation of metrology in quality systems, heda
widespread evaluation of measurement uncertaitizeed
on the GUM uncertainty framework (Guide to the
Expression of Uncertainty in Measurement, [1]). sThi
methodology, however, has its own restrictions agnon
which one could include the use of LRA in multigga
measurement. To overcome these restrictions, amative
approach considers the use of the Monte Carlo rdetho
evaluate LRA uncertainties and, subsequently, te iis
further in the evaluation of uncertainties in mglage
measurement processes.

the evaluation of LRA coefficients and its furthese in
multi-stage measurement. This can be considered an
important application, e.g., the correction of read of
calibrated instruments knowing the uncertainty dRA,
which is relevant to the needs and requiremeniadifstry

and laboratories.

The discussion of the restrictions and advantadges o
using MCM for these problems is another aim of gtigly,
which will be illustrated with a practical exampéken from
the field of dimensional metrology.

2. THE ANALYTICAL APPROACH

In metrology, the expression of a measurement tresul
should include the related uncertainty. The evanabf the

Keywords: measurement uncertainty, linear regressionmuncertainty is a metrological task that should lagoall

analysis, Monte Carlo method, multi-stage measunéme

1. INTRODUCTION

Linear Regression Analysis (LRA) [2,3] is one otth
statistical techniques most largely used in scieacd in
particular in Metrology. The special interest in AR due
to its application in the study of measurement psses,
e. g., those concerning the development of matheahat
models or the correction of calibrated instruments.

Since LRA is based on the use of data that is deghas
estimates of random variables, the LRA coefficidhts are

input quantities that affect the measurement. These if
the result is influenced by the use of LRA cormas, the
uncertainty related to their coefficients shouldthleen into
account in the uncertainty budget.

This problem has at least two stages: the firatireg the
evaluation of LRA coefficients and the second inesl the
use of LRA in the correction of measurements. Ttheing
point is the use of data to obtain the LRA coediits.

In the first stage, consider datg\X), i = 1,...n, where
the x, denote stimulus values and tle corresponding
response values. Associated with eaghis a standard

determined for the data are also estimates of mandouncertainty (the same for all i) that is unstategtiori. The

variables. Hence, it is of interest to evaluateuheertainties
associated with these coefficients.

Today, measurement uncertainty is a crucial aspe
concerning the measurement problem, ideally tredtged
analytical methods (often too complex real metrialy
problems) or by the GUM uncertainty framework. Hoee
the latter has important restrictions that makdifficult to
implement in circumstances such as those found R L
multi-stage measurement problems, although
solutions can be obtained for many classes of probl

It is, therefore, useful to apply methodologiestthee
able to remove these restrictions. A Monte Carlachoe
(MCM) can be applied to this type of stochastic bem,
using numerical computational simulation to evauat
measurement uncertainties. In this context, theogae of

sound

uncertainties associated with thg are regarded as
negligible. The LRA equation is given by the model

gtquation:

Y=B,+B,X, )

fitted to data and the two coefficient estimatasandb;) of
By andB; are obtained [2] using equations
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by = y-byX. 3 The introduction of the variance operator in (7)pider
to quantify the variance of the corrected valuesgiv

where X = Z)% andy = Z% . var[>q*} = va{y'*blbo] (8)

In the context of LRAB, andB; can be considered as

random variables with their own variance. The eiguatfor  obtained using the following relations [2,4],
the variance and covariance associated fjthnd by, and

&, the variance of the LRA residual errors, are][2,4 var| g Xg] = vaf Xy + vafx g + 2cofX1x 4. ©)
252
Var[bo] = &y (4) var|:1:| ) [:“7)()2 I:Evar[)<]+va[Y]_ 2cofX Y]j (20)
T (% -%)° Y L
) Considering that all pairs of quantities on the rgand
var[bl] - o (5) side are uncorrelated, equation (8) becomes:
N2’
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X —X which is an approximation of the exact solution e
> (% %) hich tion of th t solution daeh

linearization implicit in deriving result (10).
The variances of these coefficients, @nd b,), result
from the mentioned standard uncertainties assatiaith ~ 3- EXPERIMENTAL DATA

the yi. Eachy; is typically determined as the average of a Tq ynderstand the treatment involved in the evidnat

number of repeated indications corresponding to thgracess, a set of experimental data related tdilaration in
stimulusx. The average points are used in the LRA leadinghe field of dimensional metrology is included eliragp the
to the main LRA curve (as illustrated in Fig. 1owever, a type of results that can be obtained to be illtstta

large number of other LRA curves could be obtainsihg

other points drawn at random from probability densi ~ The particular example concerns the calibration @+D

functions centered on the with standard deviations equal measuring machine, with resolution of O{m using

to o, creating an uncertainty region bounded as predent Standard block gauges. The results obtained from

below. experimental testing are briefly presented in thkoiing
Table.

Main LRA curve Table 1: Calibration results and associated standar uncertainties.
Upper uncertainty bound

y A Conventional true Measured average Average standard
values values deviation (=5)
X /mm y, /mm s () /10° mm
0.99994 1.0000 2.7
2.00005 2.0001 2.2
yi- 5.00006 5.0002 2.7
10.00006 10.0002 2.7
25.00004 25.0004 5.7
49.99993 50.0005 35
74.99991 75.0008 4.2
99.99990 100.0010 4.2
The standard deviation associated with each mean is
‘1 - indicated in Table 1. Because such a dispersiomatfes
X x could arise from random sampling alone (e.g., Kint
Figure 1: LRA curves and uncertainty bounds. standard deviations of the means of groups of fiakies

_ sampled from a normal distribution), a pooled vahfe
The second stage of the problem is related to seeofi  3.7x10° for the standard deviation was used and taken as

the LRA equation (1) in the context of the correstiof  the standard uncertainty associated with the A non-

measurement. The corrected valyg, of a new indication, parametric statistical test was carried out, whigtve no

y*,  follows  equation  (7), representing  the reason to doubt the hypothesis of homogeneity dmee.

expectationE[xi *1y; *]. Such a pooled value can be expected to be morableli
than the individual values in such circumstancés [5

5 = (% *‘bo)_ 7 With this set of data, it is possible to evaluatealgtical
b solutions of LRA coefficientshy, b;, their associated



variances, standard deviation and covariance atuprid
equations (2-6) given in table 2. The results olgdiare

Table 2: Statistical parameters based on analyticavaluation.

Parameter  Analytical solution
Bo 5.6403%10° mm

B: =1.000010667
o =3.07710° mm
Var (by) 2.2569210"° mn?
s (bo) = 1.5010° mm
Var (by) 9.5632710*
s (by) =3.1107
Cov (bo,by) -3.2010%

These results are taken as reference values i twde

test the numerical simulation results presentethé next
sections.

3. MCM APPROACH TO THE FIRST STAGE

The use of a Monte Carlo method in the evaluation of

uncertainty was developed using a validated pseaddem
number generator, which was then converted fronfoumi
into normal distribution using a Box-Muller transfioation
[6]. Finally, the values of the output sequencesthbtained
were sorted into non-descending order.

Input pseudo-random sequences with @00 trials were
generated, their values converted in order to al8aiormal
probability distribution sequences having averagaues
identical to those presented in Table 1 and udiegpboled
standard deviation 3.7xF0 The combination of these
values according to the mathematical model wheesl te

determineby andb;, generating an output sequence for each

parameter.

An approximation to the probability density fungtio
(PDF) for these output sequences was obtained dingca
histogram of the values provided by the MCM. Theghb
show a Gaussian distribution, as illustrated inuFég2 and
Figure 3, and the main results are presented iteTab
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Figure 2: Approximation to the PDF of by output sequence.

x10
12

b1 probability density

1.05

1.1
Values

115 12 125

Figure 3: Approximation to the PDF of (b; —1) output sequence.

Table 3: Statistical parameters based on MCM
(using the pooled standard deviation)

Parameter MCM results
Bo 5.6410° mm

B: 1.000010666
s (bo) 1.7810° mm
s (by) 3.62107
Cov (bo,by) -4.510%

Because both have a Gaussian distribution, thes pair
probability distribution is a bivariate gaussiastdbution.

The variance-covariance matrix can be presented as:

(1.7810_5)2 -4.51012 (12)

2
-4.51012 (3.6210‘7)

The comparison between the analytical results aGd/M
results shows differences of about 15% in the stehhd
deviations of the coefficients andb;.

This difference was studied in order to find itsgor.
The study points out that, if instead of applyinige t
analytical approach presented above, where no atdnd
deviation is provided, the evaluation of the LRAefficients
was performed with the referred pooled variance {fig
results obtained were closer to the MCM resultshiwitl %
of difference).

Sensitivity tests were carried out using 2 indegehd
sets of generated pseudo-random sequences, amestlies
obtained, presented in Table 4, shows a very camis
behavior of the parameters found, with differentmser
than 1 % (considering all cases).

Table 4: Sensitivity test results

Parameter Data®1set Data: ' set Data: ' set
s (bo) 1.7610°mm  1.7990°mm  1.7810° mm
s (by) 3.62107 3.63107 3.62107




The presentation of the data,p,) in a 2-D map (Fig. 4) At this stage, it is required to express the resulith
shows the correlation between the two random vkesab their associated uncertainties. Equation (11) e lto a
(coefficients). The slope evaluated from the sani@dpial to  solution but it is an approximate solution and lsasne
—0.014, and presented as the line over the ddtggit) isa degree of complexity.
parameter influenced by that correlation that wél applied

in further generation of the random variablBg &,). Another way to achieve the required uncertaintytois

apply Monte Carlo to the mathematical model of eigmat
X10° (7), which only requires the uncertainty distriloumtiof y;
and the bivariate distribution of the pails,0,).
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The first task, which is to obtain the sequencatesl
with the measurang;’, requires the measurement sample
average value and the associated standard devi&torhis
purpose, an experimental sample gave an average wdl
30.0004 mm and an average associated standardtidevia
not significantly different from pooled value of7%10°
mm. These values were used to obtain a MCM gaussian
distribution.

The second task is to obtain correlated estimatekeo
coefficients according to the Gaussian bivariaggritiution,
like the one presented in Figure 3, but indepengdrim
the data. One procedure to do so includes the viollg
steps:

Figure 4: 100 000 pairs of coefficientgby, by —1)) obtained using MCM Al. Generate 2 uniform pseudo-random number
sequences using the Hill-Wichmann algorithm [8];

A2. Apply Box-Muller Algorithm [6] to the Al.
sequences, in order to obtain a new sequence with
pairs of coordinates of Gaussian bivariate
distribution Qg ,ny);

It is important to point out that MCM can be applied
using the original standard deviations presentedahle 1
instead of the pooled standard deviation, giving tésults
presented in Table 5.

Table 5: Statistical parameters based on MCM (usinghe original A3. Perform the scaling of the original pairs ftoet
standard deviations) values of dfg) and sb,);
Parameter MCM results A3'. Perform the translation of the data centeirethe
By 5 63310° mm origin to be centered in the average dajb) ;
By 1'OOOO§0668 A3” Perform the rotation of the data according the
S (bo) 1.5410° mm slope angle found previously, presented in Figure
s (by) 3.65107 3, as measure related with the correlation, obtgini
Cov (oby) -3.3410™%2 the new sequence of pai(n%ﬁl) .

) ) ) ) The steps A3 to A3” can be performed in a singketnix
This alternative simulation enhances how MCM carpperation, having the following description:

process directly the information of the experiméstanple,
namely, when input quantities have different stadda B=[CTz+T0] (12)
deviations. The analytical method based on equstigj to

(6), however, assumes the same standard deviatire v \hereC is the Cholesky matrix of the variance-covariance

assigned to all points used in the regression. matrix (12):
4. MCM APPROACH TO THE FOLLOWING 5 7
7
The general purpose of the evaluation of the LRA 0 2.59110
coefficients is to use them in further measuremeny s the generated matrix with the two Gaussian eeces,
corrections using equation (7): each in a row] represents the unit matrix with dimension
* 1x100000; andT is the translation matrix required to
(yi ‘bo) perform the operation referred in (A3’):

A

1 5
1| 56410 (14)
1.00001066



With this procedure a new set of pa(nq’;,tii) can be

generated, independently from the first stage secpee(not
biased by the first set), but with similar corraat Fig. 5
exhibits the new set of generated pairs, presentddthe
evaluated slope value.
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Figure 5: Data pairs (bS,(bI -1)) generated for the 2° stage.

The generated sequences ydf by* and by* can be
applied in the mathematical model (7) generatingatput
sequence of values &f. From this output sequence, having
the Gaussian configuration presented in Figure h& t
average value and the associated standard undgredithe
variablex*, can then be obtained:

Table 6: Output statistical parameters from MCM

Parameter MCM results
X* 30.000024 mm
s (X¥) 3.910° mm

12000

10000 -

8000 -

6000 -

xl'probability density

4000

2000 -

0
29.9998 29.9999 29.9999

30

30
Values

30.0001 30.0001 30.0002 30.0002

Figure 6: Probability distribution of x* at 30 mm.

These values can be compared with the resultsradatai
using the analytical approximation (11) where thtugs of

MCM presented in Table 3 are now the input valudsclv
yields:

Table 7: Analytical approximation results

Parameter MCM results
X* 30.000024 mm
S (X¥) 4.0010° mm

The percentage of difference obtained betweer bot
estimates of the standard deviation is of about(2Ater in
the MCM estimate). The percentiles accuracy for the
evaluation of(x*), based on [9], is of 2x10mm.

A similar Monte Carlo was carried out in order to
evaluate the uncertainty in other points of the sueag
range. The standard deviation was assumed unchdioyaed
the previous simulation process (3.7%1énm) and the
results are presented in Fig. 6.
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Figure 7: Standard uncertainties obtained using MCM

The differences presented in Fig. 7 shows that the
behavior of the evaluated uncertainty is near timum at
the average value and maximum in both ending points of
the LRA range. This also agrees with the analytical
predicted behavior for this type of LRA problemsld].

5. CONCLUDING REMARKS

Monte Carlo performed the evaluation of measurement
uncertainties directly from the original model, ox@ming
the intricacies of analytical approximate solutions
Furthermore, a Monte Carlo method can easily handle
individual standard deviations of LRA input quaiet
using the same numerical algorithm.

The use of a matrix procedure presented in exgessi
(12) has the additional advantage of portabilitigveing its
use with data obtained from different tools andligpgions.

MCM can be easily combined with analytical procedure
in order to perform specific tasks, especially thdbat
increase its efficiency, and can also be combindth w
bootstrap applications to provide solutions for enor
complicated regression models.



The approach presented in this study, providesbasto Authors:

and flexible method to determine
distributions for the LRA coefficients,
confidence intervals are readily obtained, thusbéng the
use of linear regression with assurance.
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