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Abstract: The construction of a region of confidence or "confidence belt", that is the
expression of an expanded uncertainty with a given coverage probability, for
measurements performed on the same measurand by different processes, is a critical
task in the perspective to establish a measurement traceability on a global basis. An
alternative procedure to the analytical one suggested in the Guide to the Expression
of Uncertainty in Measurement [1], strictly related to the validity of the Central Limit
Theorem, is desirable, in order to cover a larger range of situations not included in
the normal distribution cases. In this work statistical approach is proposed based on
the use of Monte Carlo approximation technique and on the bootstrap resampling
iteration. An experimental model is examined to check the validity of the proposed
method.
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1 INTRODUCTION
A measurement result is complete only when accompanied by a quantitative statement of its

uncertainty. A measurement is of little use unless there is some way of estimating the associated
uncertainty, so an experimental result should always be accompanied by such an estimate. This policy
requires that a uniform approach to expressing measurement uncertainty be followed by the
metrological community.

Many researches have been developed on the subject in the recent years to ensure that the
quantitative statements of uncertainty produced by different methodologies are consistent with each
other and agree with those recommended by the Major International Committee for Weights and
Measures. A contribution has been provided by the so called ISO Guide [1], as a result of an
international effort to coordinate the whole subject within a unifying framework.

The Guide defines uncertainty (of measurement) as: "a parameter , associated with the result of a
measurement, that characterises the dispersion of the values that could reasonably be attributed to
the measurand" and from the operative point of view distinguishes two explicitly parameters:

The standard uncertainty of the result of a measurement, σ : that corresponds to the standard
deviation associated with the result.

The expanded uncertainty, u: corresponding to a confidence interval obtained by multiplying the
combined standard uncertainty by a coverage factor k. The intended purpose of σ±= ku  is to provide
an interval about the result of a measurement that may be expected to encompass a large fraction of
the distribution of values that could reasonably be attributed to the measurand.

The method that implicitly the Guide suggests, for evaluating uncertainty, is essentially limited to
the so called Gaussian "propagation law" for uncertainty, while the calculation of expanded uncertainty
is based on an approximation method.

It is reasonable to look for generalising methods, robust with respect different situations no strictly
related to the validity of the Central Limit Theorem and including multivariate cases no mentioned in
the Guide.

The main purpose of this research is the estimation of the probability region or "confidence belt", as
an expression of the expanded uncertainty with a given coverage probability, by using Monte Carlo
technique and bootstrap resampling iterations.
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2 BASIC DEFINITIONS
A multivariate n-dimensional "measure" is defined as a random vector: ( )n1 M,...,MM = , whose

components n1 M,...,M  could represent the results performed on the same measurand by different

processes, or to be the results of different measurands inside the same measurement process.

The variability of M  may be summarised into a probability region say ( ) nn RC ⊂ , with an assigned

coverage probability equal to p  that is:
( ){ } pC  P n =∈M (2.1)

Introducing the n-th dimensional joint probability density: ( )m
M Tf  with ( )n21 m,....m,mm = , it is

possible to evaluate the (2.1) by the following relation:
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is the probability distribution function.
In the hypothesis of normal distribution the n-th dimensional joint probability density assumes the

form:
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with { } { } { }( )n1 EEE M,...,MM ==µ  and ( ) ( ){ }µ−µ−= MM TED  is the nn × dispersion matrix.

The symmetric property of the dispersion matrix guaranties the existence of a non singular matrix
Q  such that

ËQ DQ T = (2.5)

where Ë  is the diagonal matrix with the nonull elements equal to the eigenvalues of the matrix D .

Introducing the linear transformation
( ) WM =L (2.6)

defined by the relation:
( )Q µ−= MW (2.7)

the (2.2) taking into account the (2.4), assumes the following form:
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where nB = ( )nCL is the transformed domain according to (2.6) and (2.7).

3 THE MONTE CARLO METHODS
The class of algorithms that solve problems probabilistically are known by the name of Monte Carlo

methods (MCM). At the present MCM are the most competitive approaches in many computational
problems when the numerical analytic algorithms become too heavy as in the multiple integral
computation, or in the optimization and functional approximation in multidimensional spaces.

Here the purpose is to look at using Monte Carlo methods to evaluate the confidence region in a
measurement process.

Let's briefly outline the basic idea associated with these methods. The numerical value of a given
entity J can be evaluated as described in the following steps:

A random variable X with mean value J, such that ( ) JXE = , is chosen, in order to provide an

unbiased estimation of J. The variable X is supposed to assume the subsequently values X1,X2, ... ,Xn

in a series of repeated trials.
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The sample mean: ∑
=

=
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1
, whose value will probably be very close to J, according to the

law of large numbers, provides another unbiased estimator of J and will follow a normal distribution
when N tends to infinity. So that, as soon as N is large enough, by the central limit theorem, ( ) JYE N = .

The variance can be estimated by the following relations:
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and thereafter
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A statistically conditioned error estimate can be written as follows:
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where ( )τf  is increasingly monotone, goes to 1 for ∞→τ . The error estimate is controlled by the

desired confidence level by varying τ .
In particular Monte Carlo integration is easily understood by considering the following n-

dimensional integral:
( ) n,... dxdx xxfJ 1n1Q n

⋅⋅∫⋅∫ ⋅=  where ( ) ( ) ( )nn2211
n bababaQ ,....,, ×××= (3.4)

By defining a function ( ) ( )n1 xxgxg ,...,= as:
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The (1.5) can be interpreted as the expectation of the function ( ) ( ) ( )Vxgxfxh = for the n-

dimensional random variable ( )n1 xxx ,...,=  which is uniformly distributed within the domain nQ .

This then gives an approximate procedure:
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The quantity j may be regarded as a random variable whose standard deviation decreases as N-1/2

independently of the dimension n of the integral, other numerical integration methods have errors
decreasing as N-1/2. This property make the Monte Carlo method more efficient from computational
point of view as the dimension n increases.

4 BOOTSTRAP METHOD
The bootstrap, as a computational device, was introduced by Efron (1979) as a quite intuitive and

simple way of finding approximations of quantities that are very hard, or even impossible to compute
analytically. The bootstrap is a method for estimating the distribution of an estimator or test statistic by
resampling one's data.

The bootstrap is often more accurate in finite samples than first order asymptotic approximations,
thus, it can provide a practical method for improving upon first order approximation results, reducing or
eliminating finite-sample distortions of the levels of statistical tests.
The bootstrap has been the object of much research in statistics since its introduction. The results of
this research are synthesised in the books by Efron and Tibshirani (1993), Hall (1992) and Mammen
(1992).

The purpose of this paper is to test the usefulness of the bootstrap for improving upon first order
asymptotic approximations in contexts of interest in metrology to uncertainty evaluation.

The basic idea in bootstrap algorithms is remarkably simple.

Given the n sample values x1, ... , xn, an empirical frequency function f̂  which has values 1/n at
each xi and zero elsewhere may be defined. The bootstrap estimate of the sampling variance of a
statistic is obtained by computing a sample of size n with replacement from the population described
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by f̂  and computing the estimate Q* from this sample; this can be repeated M times, giving the set of
bootstrap samples: Qj

* with j=1, ... , M.

The bootstrap estimator is ∑
=

∗∗ =
M

j
jM 1

1
θθ  and the corresponding estimator of the sampling variance

is ( ) ( )2M

1j
jB 1M

1
V ∑ θ−θ

−
=θ

=

∗∗∗ˆ . The convergence of ∗θ  and ( )∗θBV̂  to θ  and to the sampling variance

( )∗θV , respectively, as n and M tend to infinity is the justification for this approach and in practice

50M ≥ appears to be suffice.
One of the most important applications of the bootstrap methods is the confidence intervals

estimation especially in presence of asymmetric distributions: Davison and Hinkley (1997), Efron and
Tibshirani (1993), Hall(1992), Mooney and Duval (1993), Shao and Tu (1995).

5 APPLICATIONS AND EXAMPLE
Only in recent years computer-intensive techniques as Monte Carlo and Bootstrap methods has

been proposed for metrological applications, for a review on the subject see [8].
A theoretical tri-dimensional model with a normal distribution concerning the estimation of a

confidence region in a measurement process is examined. An analytical expression relating the
characteristic parameters of the model and the level of confidence of the correspondent probability
region may be gained by the usual techniques of multidimensional integral calculus and vector
analysis.

An experimental situation is examined and computational results by the Monte Carlo and Bootstrap
techniques are presented and compared with the analytical solution to test the validity of the proposed
methods.

5.1 A tri-dimensional model
The three random variables Mi i=1, 2, 3 are supposed to have normal distribution Mi=N (µi, si

2), where
µi and si

2 is the expectation and the variance respectively of Mi. The standard deviation

{ } 1,2,3i  Var ii ==σ M  can be used to evaluate the expanded uncertainty, ui of the measure Mi as

specified in (GUM) [1], being µi ± ui = µi ± kisi i=1, 2, 3  where ki is a coverage factor.
The correlation coefficients are:
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according to (2.2) and (2.4).
Assuming C3=I1xI2xI3 where Ii=[µi ± kisi]  i=1, 2, 3 and following the procedure described in the

section 2, it is possible to obtain an analytical relation in terms of the characteristic parameters of the
model and the level of confidece p of the region C3 as follows:

( ) pkerfQD
i

i
i

i

=









∏
=

∗− 3

1
2

1
 

2

1
 detdet

λ

λ
(5.1)

where  1,2,3i =iλ are the eigenvalues of the matrix D , and ( ) 1,2,3ji,  == ijqQ is the matrix satisfying

the (2.5) associated to the linear transformation (2.5), while   1,2,3i  
3

1
== ∑

=

∗
j

j
iji kqk  are the transformed
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coverage factors, erf(-) is the error function.
An experimental model is examined whose characteristic parameters are reported in table (1), the

correlations 1,2,3ji,  =ijρ following the relation: 2
23

2
13

2
12231312  21 ρρρρρρ ≥+

The level of confidence is evaluated for different values of the coverage factors assuming that

1,2,3i  * ==∗ kki .

The computational results, based on the Monte Carlo and Bootstrap technique application, are
compared with the analytical ones as reported in table (2):

Table 1.  characteristic parameter of the model

V 57  9994ì 1 ,= mA 01  66119ì 2 ,= rad 46 0441ì 3 ,=

V 2 00301 ,=σ mA 5 00902 ,=σ rad 5 000703 ,=σ

36032 ,−=ρ 86033 ,=ρ 65023 ,−=ρ

Table 2.  pa   = analytical value of the level of confidence
pc = Bootstrap-Montecarlo numerical value of the level of confidence

k* pa pc

0.002 0.9110 0.9090
0.003 0.9892 0.9801
0.004 0.9993 0.9981

6 COMMENTS AND CONCLUSIONS
The present research has to be considered as a first approach to understand the applicability of the

numerical thecniques and to ceck the potentiality of the proposed method. The Monte Carlo numerical
approximation has been pointed out with N=5x103. A "population" of size n=105 has been generated
and the bootstrap resampling estimation has been calculated on M=5x104 samples by drawing at
random n=100 values from the entire population.

The results summarised in Table 2 are appreciable enough to suppose that the method could
deserve further attention inside more complicated models.
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