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Abstract: An alternative method of dealing with ill-conditioned problems in model
identification is introduced. It consists in estimation of parameters selected on the
ground of the sensitivity analysis and fixing remaining ones as constants. Statistical
analysis of the resulting estimator in terms of estimate bias and variance is presented
together with a realistic simulation example of the maximum expiration model.
Results of simulation show that selection of parameters improves numerical
conditioning of model identification and decreases variance of estimates.
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1 INTRODUCTION
The idea of indirect measurements consists in the assumption that there is a casual relationship

between unobserved phenomena and measured variables. This dependence can be usually described
by a mathematical model. If the model is created by the analysis and description of physical processes
going on in the system under investigation (so-called physical modelling [1]) the model parameters
correspond to physical features of the system. Identification of such a model yields an estimate of the
parameter vector and then enables drawing quantitative conclusions about the system properties not
measured directly.

Identification of models of natural objects, especially medical or biological, delivers some kinds of
difficulties. The mains of them are so-called ill-posed and ill-conditioned problems [2] arising e.g. from
existence of random disturbances, overparametrization and/or collinearities in parameter influence on
the measured quantities. Moreover, the physical models of natural systems are usually non-linear in
parameters (NLP), so iterative algorithms of identification have to be used.

Many methods dealing with the problems mentioned above have been elaborated so far. Between
them the most popular and efficient are: regularisation [2, 3, 4, 5], principal component regression [2,
7] and partial least squares [6, 7]. The common feature of these methods is handling the number of
parameters „used” during estimation considerably smaller than the number of „offered” ones. It should
be mentioned that they are mainly used with „black-box” type models.

The aim of this paper is to present another way of ill-conditioned problem solving by selection of
these parameters which should be estimated. The idea takes advantage of a fact that usually only a
few model parameters influence the model output (i.e. the measured variables) considerably. It clearly
means that estimation of these parameters only is sufficient for proper solution of the inverse problem.
On the other hand, any attempt to estimate the other parameters leads to very high estimate variances,
since measurement errors are „transferred” into large adjustment of those parameter values in this
instance. The sensitivity analysis is a method of finding the considered subset of parameters.

2 THEORY
For notation simplicity a multiple-input single-output (MISO) NLP model will be considered. Let us

denote its output as a vector y of n instant values sampled in time and the p-dimensional parameter
vector as θθ. Suppose also that the model is error-free and the measurement data vector z is disturbed
by an additive, non-correlated white noise with an n×n covariance matrix R.

2.1 Selection of parameters
The matrix ηη of the model output sensitivity to the parameters is defined as follows

ηη
θθ

n p× =&
∂
∂
y

. (1)
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A better reference to parameter selection, instead of the sensitivity ηη, is the relative sensitivity S:
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where ( )ΘΘ θθ= diag . The relative sensitivities are n-dimensional vectors, so a norm should be used to

compare them. The vector m of Euclidean norms of the relative sensitivities is used:

( )[ ]m s s s S S= 
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=1 2 2 2 2

1 2
K p

T
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Sorting elements of the vector m from the highest to the lowest value one gets parameters put in order
for eventual estimation. Let us choose the first s parameters (vector θθS) for estimation and accept the
remaining ones (vector θθC) as constants.

2.2 Estimator of the parameter vector
According to the assumptions, there exist such θθS0 and θθC0 that

( )z y e= +θθ θθS C0 0, , (4)

where e is a vector of random measurement errors. During model identification it is necessary to

choose a value for the vector θθC, say θθ θθC C= ∗ .
Using the maximum likelihood criterion

( ) ( )( ) ( )( )VS S S C S Cθθ θθ θθ θθ θθ= − −∗ − ∗1

2
1y z R y z, ,

T
(5)

an estimate $θθS  of the θθS vector can be calculated by minimising the VS value. Assuming that

( ) ( )ηη θθ θθ ηη θθ θθS S C S S C
$ , ,∗ ∗≈ 0  and approximating ( )y $ ,θθ θθS C

∗  by the two first terms of its Taylor expansion at

the point ( )θθ θθS C0, ∗  one gets the estimator formula

( ) ( )[ ] ( ) ( ) ( )( )$ , , , , ,T Tθθ ηη θθ θθ ηη θθ θθ ηη θθ θθ θθ θθ ηη θθ θθ θθS S S C S S C S S C S C S S C S= − +∗ − ∗ − ∗ − ∗ ∗
0

1
0

1

0
1

0 0 0R R z y . (6)

2.3 Bias of the estimator
The expected value of $θθS  can be calculated by expanding ( )y θθ θθS C0 0,  into the Taylor series at the

point ( )θθ θθS C0, ∗  and then taking into account its two first expressions

{ } ( ) ( )[ ] ( ) ( )E $ , , , ,T Tθθ θθ ηη θθ θθ ηη θθ θθ ηη θθ θθ ηη θθ θθ θθS S S S C S S C S S C C S C C= + ∗ − ∗ − ∗ − ∗
0 0

1
0

1

0
1

0R R ∆ , (7)

where ∆θθ θθ θθC C C= − ∗
0 . This enables determination of the bias vector bS

{ } ( ) ( )[ ] ( ) ( )b R RS S S S S C S S C S S C C S C C= − = ∗ − ∗ − ∗ − ∗E $ , , , ,T Tθθ θθ ηη θθ θθ ηη θθ θθ ηη θθ θθ ηη θθ θθ θθ0 0
1

0

1

0
1

0 ∆ . (8)

2.4 Variance of the estimator
The covariance matrix ΣΣS of the vector $θθS  may by found on the basis of the expression for the

expected value of the estimator
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2.5 Total error of estimation
An assessment of the model quality in terms of accuracy of the selected parameter estimates

should take into account both the systematic and random errors introduced by the proposed method of
model identification.

The relative systematic error br of the parameter estimate equals

( ) ( )
b

b
r k

S k

k

$ &

$

θ
θ

θ
= (10)

 and the total relative systematic error of the whole parameter vector estimate:
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where ( )ΘΘ θθS S= diag . The relative random error dr of the parameter estimate has been defined as

( ) ( )
dr k
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where ( )σ θS k
2 $  is the k-th parameter estimate variance, and then the total relative random error is
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Finally, the total relative mean squared error of the estimates can be calculated by use of the
following formula:

( )[ ]∆S b s S S S S S S Sm m s& trT= + = +− − − − −2 2 1 2 1 1 1 1
1 2

b bΘΘ ΘΘ ΘΘ ΣΣ ΘΘ . (14)

3 SIMULATION EXAMPLE
Simulation studies have been performed with the reduced model for maximum expiration including

the flow limiting mechanism [8, 9]. It describes the process of maximally strong and quick expiration of
air from the human lung. The model is discrete, non-linear and it has 12 degrees of freedom. The
conditions of slight mixed restrictive and obstructive disorders of the respiratory system have been
chosen, characterised by vital capacity (VC) of 3.5 litters, forced expiratory volume in the first second
ratio to VC of 70%, peak expiratory flow of 4.2 l/sec and airway resistance of 0.47 kPa·s/l (see Fig. 1A).

The sensitivity matrix ηη has been calculated numerically in the similar way to this reported in [9] by
model simulation with parameters changed by ±∆θ. Then the relative sensitivities have been computed
(Fig. 1B) and the model parameters have been sorted beginning from the most to the least important
one according to the Euclidean norms of the sensitivity vectors.

Since the values of the not estimated parameters θθC are not generally known, they must be fixed
during model identification. Evaluating margins of the possible shift in a given parameter value in the

real system (equivalent to pathological changes in the lung) and taking θθC
∗  in the middle of such limits,

the worst situation is when ∆θθC  is a half of the parameter range. This situation has been taken into

account during simulations.
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Figure 1.  Simulated forced expiration curve with additive noise (A) and relative sensitivities of the
model for maximum expiration (B).
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Figure 2.  Total relative random (A) and systematic (B) error dependencies on the number of selected
parameters.

The total relative systematic error mb and the total relative random error ms dependencies on the
number of selected parameters are shown in Fig. 2A and 2B, respectively, and analogous dependency
of the computed total relative mean squared errors ∆S is demonstrated in Figure 3.
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Figure 3.  Total relative mean squared error dependence on the number of selected parameters.
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Identification of selected parameters forces inversion of the matrix ( ) ( )[ ]∗−∗
CSSCSS θθθθηηθθθθηη ,, 0

1
0

T R . This

process may be ill-conditioned that leads to unforeseeable errors of numerical computations.
Performed simulations have proved that numerical conditioning depends on the number of estimated
parameters (see Tab. 1).

Table 1.  Dependence of the condition number, defined as the ratio of the largest singular value of the
matrix to be inverted to the smallest one, on the number of selected parameters.

Number of
selected parameters

1 2 3 4 5 6 7 8 9 10 11 12

Condition number 1.00 2.50
×102

3.81
×1011

7.86
×1011

8.13
×1021

8.66
×1021

6.07
×1022

2.76
×1029

3.21
×1029

3.30
×1029

7.57
×1029

6.95
×1030

4 CONCLUSIONS
An alternative method of dealing with ill-conditioned problems in model identification has been

introduced. The main idea is to estimate only the parameters selected on the ground of the sensitivity
analysis and fixing remaining ones as constants. Statistical analysis of the resulting estimator shows
that the parameter selection reduces its variance (see also Fig 2A). Simultaneously the estimator bias
is changing with the number of selected parameters. This relationship is not so trivial as the previous
one, since the bias depends both on the covariance matrix and the vector ∆θθC of imprecisely chosen
values for the „constant” parameters (compare Eq. (8) with Eq(9)). The effect of this co-influence can
be seen in Fig. 2B as non-monotonic alternation of the total relative systematic error of estimation. The
total relative mean squared error (Fig. 3) can serve as a criterion for choosing the number of estimated
parameters. For example, one may expect the least total error while estimating only two (mechanical
properties of the airways) of twelve parameters in the case of maximum expiration model, although the
sensitivity analysis has shown importance also of the third one (elasticity of lung tissues) (see Fig. 1B).

The realistic simulation example indicates that the parameter selection alone may be an inefficient
method of error reduction in indirect measurements. Though it improves numerical conditioning of
estimation (Tab. 1) and considerably decreases random errors in some instances (Fig. 2A), the total
error can be still large (see Fig. 3). What is worth checking in the future is combining the parameter
selection with a regularisation procedure. It is possible that these two methods together will give much
better results than they give separately. Another problem is „dynamic” selection of estimated
parameters during the identification process. In each iteration not only the temporal value of the
parameter vector is changed but also the sensitivity matrix (NLP model), which is used for parameter
selection. One can try to elaborate an adaptive method of determining the number of parameters
estimated in the next step of identification in order to overcome this problem.
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