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Abstract — A numerical method for damage identifica-
tion in brittle materials is presented. The method is
based on the time of arrival of the elastic wave, gen-
erated by the damage formation, to a group of sensors
positioned on the boundary of a material sample. The
equations of motion for the elastic waves are the start-
ing point, including a body force term which accounts
for the sudden formation of a crack. Then a discretiza-
tion scheme for the 2D equations of elasticity is devel-
oped, which allows to obtained a suitable numerical
model. Some numerical experiments are performed, to
assess the validity of the method, reproducing the read-
ings of some sensor positioned on the boundary of the
sample. The location of the damage and the time of for-
mation are identified by an appropriate nonlinear least
square problem.

I. INTRODUCTION

Recently a lot of research activity has been devoted to
the detection of damage in a brittle material by means of
Acoustic Emission (AE) [1, 2, 3, 4, 5], which naturally
occurs in a material when there is a crack, or dislocation
source. The response of concrete to a load, both in com-
pression and in tension, is influenced by the presence of
cracks. Indeed, it is an established fact that the stress-strain
response of concrete is closely related with the formation
of microcracks [6, 7, 8]. The presence of macroscopic
cracks is also an important factor, since they reduce the
characteristic resistance of the material. It is generally as-
sumed that each fracture is the result of many microcracks
that join to compose a greater fracture. The most important
crack will be characterized by an AE signal with maximum
amplitude. This signal can be recorded by specific acoustic
emission sensors that operate on resonance frequencies in
the range from 50 to 400 kHz [9, 10, 11].

Different methods for studying and analyzing these sig-
nals can be found in the literature. One of the most recent
and interesting methods, links the b value to the AE sig-
nals and is based on the Gutenberg Richter law (GBR),
typically used in seismology for the study of earthquakes
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[12, 13]. The GBR law defines the relationship between
the magnitude and the total number of earthquake events
detected in a region during a pre-established time interval.
The b-value parameter, defined within the framework of
the GBR law, is used to select the AE signals that identify
critical damage events [14, 15]. In particular, the critical
AE signals are selected under the condition that the b value
is close to 1, because in this case the AE signals have the
highest amplitude. This technique can be used to detect the
important cracks that develop in a concrete sample during
different typologies of tests, for example compressive test
or three point test. An aspect which might affect the prop-
agation of AE in a porous material, such as concrete, is
the aggression of the material by some chemical pollutant
[16, 17]. It is also interesting to note that the propagation
of elastic waves in a material could give rise to chaotic
phenomena, similar to the ones described in other research
domains [18, 19, 20, 21, 22].

Another interest issue is the localization of the damage
which generates an AE. Several approaches are available in
literature [23, 24]. These different methods are character-
ized by uncertainty about the position of cracks and must
be improved for brittle materials subject to compression.

This paper presents a localization method for crack de-
tection in a concrete sample based on the time of arrival
of the elastic wave, generated by the crack formation, to a
group of sensors positioned on the boundary of the sample.
The following section deals with the equation of motion for
the elastic wave, with a body force term which accounts
for the sudden formation of a crack. Next, we described a
discretized version of the equations of elasticity which is
suitable for numerical simulations. A localization method
is described on the last section, and some numerical exper-
iments are performed to assess the validity of the method.

II. THE EQUATIONS OF ELASTICITY

We consider a sample of brittle material, subject to a
compression stress along the vertical direction which will
produce a localized crack, whose position and formation
time are unknown. Let u(x,t) € IR? denote the displace-



ment field, which depends on space coordinates x € ) C
IR3, and time ¢ > 0, where (2 is the region occupied by the
sample. Following [25], the displacement field satisfies the
dynamic elastic equilibrium equations
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where p is the density, depending on space, ¢ is the stress
tensor and f is a body force term, depending on space and
time. We consider Hooke’s law for isotropic media, which
provides a linear constitutive relation between the stress

tensor o and the strain tensor & := +(Vu + Vu’), given
by

=V.o+f, (1)

o= ATr(e)I + 2pue, (2)

where )\ and p are Lamé’s first and second parameter.

In component form, let u = (uy,uo,us), x =
(21,22, 3), and use the notation u, ¢ = Ou,/Ot, ugp =
Oug [Oxp, with a,b = 1,2, 3. Using Einstein’s convention
of implicit summation for repeated indices, we have

1
Eab = *(Ua,b + Ubya), Tab = Aeccaab + 2/“'5ab7

2

where ¢, is the Kronecker delta, and equation (1) becomes

PUa,tt = ()‘ + M)uc,ca + HUg,cc + faa a=1,2,3. (3)
The body force components f, will be chosen to model
a sudden separation of two sides of a fault localized in a
point, which may think of as an infinitesimal planar crack
with a prescribed normal direction. Following the classi-
cal paper by Burridge and Knopoff [26], let us assume that
the displacement and its derivatives present a discontinuity
across a surface 3 embedded in €2. Let n denote the normal
direction to X, and [ug](x, t), [uq,p](x,t) the discontinuity
of g, g, across X in the direction n. Then, after extend-
ing the relevant example in [26], the body force equivalent
is given by

fa(x,t) = —H(t)Rap (1) Dpc Rgc(n)d q(x — x0), (4)

where n is the normal direction to the crack, xq is the
location of the crack, R,; are the components of the ro-
tation matrix which takes n to the unit vector of the z-
axis, D,y are the components of the diagonal matrix D =
diag(X, A\, \+2p), and 0 , is the derivative of a Dirac delta
function with respect to z,. The parameter n comprises
three angular variables in three dimensions (Euler angles),
or an angular variable in two dimensions, and the param-
eter xoy comprises three coordinates in three dimension, or
two coordinates in two dimensions, for a total of 6 param-
eters in three dimensions, or 3 parameters in two dimen-
sions.

The final equations are supplemented with homoge-

neous Neumann boundary conditions on the boundary of
the space domain, and with zero initial data.

As is well known, the equations of linear elasticity have
two characteristic velocities,

A+ 2u \/ﬁ
cp = Cs = 4] =
p p

corresponding to dilatational and isochore waves, respec-
tively. We will use the primary velocity ¢, to evaluate the
ratio between the distance of a sensor from the source of
the crack, and the corresponding time of travel.

III. THE NUMERICAL MODEL

In this section, we derive a discretized version of equa-
tions (3), with a body force given by the expression (4),
in the case of space dimension 2. Then, the sensors will
be represented by a set of points on the boundary, and
the reading of a specific sensor by the the first time at
which the displacement vector at that point becomes dif-
ferent from zero.

The two-dimensional version of system (3) in a rectan-
gular sample Q = [0, [,] x [0, ], with homogeneous Neu-
mann boundary conditions and zero initial value is:

pup = [(A+ 2p)us + Avyle + [pve + puyly + f,
pvee = [z + puyle + [Aue + (A + 2p)vy]y + 9,
for (z,y) € Q, t >0,

Uy =0, =0, forz=0,1; yel0l,],t>0,

uy =v, =0, forzxel0,l,], y=0,1,t>0,

u=v=u=v, =0, for(x,y) €, t=0.

4)

Here, for simplicity, (u,v)” denotes the displacement vec-
tor, depending on space variables x = (z,y)” and time
t, and (f,g)T denotes the body force. Let 6 be the angle
formed by the infinitesimal crack line ¥ with the z-axis,
so that ¥ is (cos @, sin #)7 is the tangent vector, and n =
(—sin @, cos §) the normal vector, and let xg = (¢, yo)”
be the location of the crack. Then, the rotation matrix R
and the diagonal matrix D are given by

—sinay D:V‘ 0 }’

_ {cos&
cosf 0 A+2u

" |sin®

and the expression (4) which gives the corresponding body
force becomes

[f] — _H(t)(M + 2unn7) [aw [56c—x0). ©
g 81/
For the numerical simulations, we use a representation of
the Dirac delta,
1 x—xql?
d(x —x0) = n-(x) = 3-2¢ =,
so that (6) will be replaced by

{g} ~ H(t)(A + 2unn”)(x — xo)éna(x). (7)
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The maximum of both components of this function is
m, so we divide the above expression by this con-
stant, to obtain an approximation of the theoretical body
force with reasonable magnitude.

To integrate numerically (5)-(6), we use a box-
integration method with two staggered grids. We subdi-
vide the interval [0,,] in n, subintervals of equal length
hy = lg /1, the interval [0, 1, ] in n,, subintervals of equal
length h, =, /n,, and introduce the primary grid points

(xiayj) = (lhxa]hy)v
i=0,1,...,n4, 5=0,1,...,n,,

and the dual grid points

(@i s yje 1) = (@0 + hay vy + 31y),
1=0,1,...,n,—1,5=0,1,...,n, — L.

Introducing the notation

ulaj(t) = u(‘ri?yj7t)7 1= 0?"'?nI? .] = 07"'7ny7
vij(t) =v(@;_1,y;-1.t), i=1,...,ng, j=1,...,my,
after a standard finite difference approximation with three

point for the second order time derivative, with time step
T, we obtain the following scheme:

Tt
T -t k) N
"‘cig (uf,j—l - 2“% + uﬁj+1) + 72 f (i, Y5, )
- 2
"‘(21—;2; (Uz]'CJrl,jJrl - Uzk,j+1 - Uf+1,j + Uzk,j)
-t
+C;:«é2 (vF1; = 208 + v ;) ©)
+02§ (-1 = 205 +vf) + 7200 4y
Ap

hmhyp(ui’cfl,jfl —uig = ub g A ufy),

where the superscript denotes the index of the time ;. The
above scheme provides the update for the unknowns on the
grid points at time ¢ in terms of the same unknowns at
times tx_1, tx. To enforce homogeneous Neumann con-
ditions for u and v, we introduce the ghost nodes x_1 =
—hyg, Tp,+1 = lo+ha, Yy-1= 7hy’ Yn,+1 = ly +hyv and
assume the following mirror conditions with respect to the
boundary :

U_1j = Ulj, Un,+15 = Un,—14, J=0,...,7y,
Uj,—1 = Uil Uiny,+1 = Uin,—1, 1= 0,...,ng,

Voj = Ulj, Ung41,j = Unyjs J=0,...,my +1,

Vi0 = UL, Viny,+1 = Vimn,, t=0,...,ny+1
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IV. DAMAGE DETECTION

The location and orientation of a sudden crack, de-
scribed by the vectors xo and n, as well as the forma-
tion time t(, will be now assumed unknown. We present
a method to estimate these crack unknowns by the ar-
rival time of the elastic wave, produced by the crack, to
some sensor at the boundary of the sample. We assume
to have N sensors, at the positions x; = (x}, 22 23)7,
with ¢ = 1,2,..., N. The i-th sensor detects the arrival
of an elastic wave at time ¢;, 7 = 1,..., N. We assume
for simplicity that only a crack develops, at the position
xo = (z§,23,23)7, at time to. As a working hypothesis,
we also assume that the orientation of the crack is not rele-
vant for the effectiveness of the localization procedure that
we are going to present. We aim to identify xq and ¢ from
the reading of the arrival times ¢;,2 = 1,..., N.

Since the speed of the elastic wave in the direction of the
front propagation is ¢, we have

Cp(tlito):”)gixonv 7’:1725aN (10)

To solve for (x, tp), we need to minimize the residuals
Ti:Cp(ti_t())_||xi_x()”7 i:1,2,...,N,
that is, to minimize their quadratic norm,

N

N
S=>"12 =3 (ep(t: — to) — |Ixi — xo))%.
i=1

i=1

Y
Introducing the vectors X; = (20, 2}, 22, 23)T, with 2 =
cpti,©=0,1,..., N, the function S becomes

N

S =Y (XD~ fi(X0))%, fi(Xo) = X§ + [[xi — %ol
= (12)

This is a nonlinear least squares problem which can be
solved by the Gauss-Newton method.

Assuming to know an approximation X(()k) of the solu-
tion for k > 0, we set
XY = x4 ax{, (13)

and solve for AXék) the following approximate gradient
equations:

(X)) axy = 7 (x) e (xg). ag)

where
X? - f1(Xo) Vx, f1(Xo)
r(Xo) = : , J(Xo) = : ;
Xg - fn(XO) vXo.fn(XO)
and

T

T
Vx, fi(Xo) = |1 —7i=20

lIxi—xoll | ©




We have solved the discretized system (8)-(9) in a square
with size 15 cm, with 250 x 250 grid points, that is, space
step hp, = hy = 0.06 cm, and time step 7 = 0.08
us. We have used Lamé’s parameters A = 9.7078 GPa,
u = 12.2883 GPa, and density p = 2200 kg/m3. A crack
formation has been simulated at the position (zo,yo) =
(5.3550, 8.9550), between a couple of adjacent grid points,
one on the primary grid and the other one on the dual
grid, at a random time ¢y = 3.75 us, with an angle
0 = m/4 between the crack line and the x-axis. To val-
idate the presented localization method, we have simu-
lated four sensors, located in the positions (z1,y1) =
(4.92,0), (l‘g,];g) = (0,9.9), (xg,y:;) = (9.9, 14.94),
(x4,y4) = (14.94,4.92). For the simulation performed,
the method gives an estimated location of the crack at
(5.4438,8.8606), and an estimated formation time 11.7156
us. These values are remarkably close to the real crack lo-
cation (5.355,8.955) and formation time ¢; = 12, with a
relative error of about 1%.
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