23rd IMEKO TC4 International Symposium
Electrical & Electronic Measurements Promote Industry 4.0
September 17-20, 2019, Xi’an, China

Contribution of Interharmonic Component on the
Interpolated DFT Frequency Estimator

Daniel Belega!, Dario Petri?, Dominique Dallet?

!Department of Measurements and Optical Electronics, University Politehnica Timisoara, Bv. V. Parvan,
Nr. 2, 300223, Timisoara, Romania, email: daniel.belega@upt.ro
2Department of Industrial Engineering, University of Trento, Via Sommarive, 9, 38123, Trento, Italy,
email: dario.petri@unitn.it
*IMS Laboratory, Bordeaux INP, University of Bordeaux, CNRS UMR5218, 351 Cours de la Libération,
Batiment A31, 33405, Talence Cedex, France, email: dominique.dallet@ims-bordeaux.fr

Abstract — This paper investigates the contribution to
the sine-wave frequency estimator returned by the
interpolated discrete Fourier transform (IpDFT)
algorithm of a small amplitude interharmonic
component located at least one bin apart the unknown
frequency. An analytical expression for the frequency
estimation error is derived assuming that a maximum
sidelobe decay (MSD) window is employed and its
accuracy is verified through computer simulations.
Based on the derived expression some useful remarks
are finally drawn.

Keywords — Error analysis, Frequency estimation,
Interharmonic component, Interpolated DFT algorithm,
Windowing.

I.  INTRODUCTION

In practice, sine-waves are often non-coherently
sampled and so a non-integer number of cycles is
observed. Due to frequency discretization or picket-
fence effect [1], only the integer part of that number
can be identified by the largest discrete spectrum
sample of the sine-wave, assuming that the frequency
signal-to-noise ratio is at least about 18 dB [2], [3].
Conversely, the fractional part of the number of
observed cycles coincides with the sine-wave inter-bin
frequency location. It is often estimated by
interpolating the two largest DFT spectral samples
applying the so-called interpolated discrete Fourier
transform (IpDFT) algorithm [1], [2], [4]-[7]- Due to
non-coherent sampling, the detrimental phenomenon
of spectral leakage also occurs [8], which is often
reduced by weighting the acquired signal with a
suitable window function. Very simple expressions for
the IpDFT inter-bin frequency estimator are achieved
when maximum sidelobe decay (MSD) windows are
used [8], [9]. They are cosine class windows that
exhibit the maximum spectrum sidelobe decay rate for
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a given number of cosine terms, which is strictly
related with the windows spectrum mainlobe width.
Due to that feature, the MSD windows are very effective
in reducing the effect on the estimated frequency of
long-range spectral interference due to harmonics,
interharmonics or other spurious tones. However,
windowing effectiveness on nearby interfering tones is
greatly reduced so that their influence on frequency
estimation accuracy can be relevant. An analytical
expression for the inter-bin frequency estimation error
that affects the IpDFT estimator based on a generic
MSD window has been derived in [10] in the case of
harmonically distorted sine-waves. That expression
takes into account the effect of the spectral
interference from both the fundamental image
component and harmonics. This paper extends that
result analysing the contribution of a small-amplitude
interharmonic component assuming that the
difference in the number of observed cycles with
respect to the fundamental is greater than one bin. Itis
worth noticing that the assumed constraints can often
be satisfied in practice. Moreover, the accuracy of the
derived expression is verified through computer
simulations.

II.  EXPRESSION FOR THE FREQUENCY
ESTIMATION ERROR FOR A SINE-WAVE
AFFETCTED BY AN INTERHARMONIC

The analyzed discrete-time sine-wave affected by an
interharmonic component is modeled by:

x(m) = Acos (an (m + %) + ¢) n
A;jp cos (anih (m + %) +
bin) (1
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where A4, £ ¢ Am fn, and ¢x are the amplitude,
normalized frequency, and initial phase of the
fundamental component and the interharmonic,
respectively, while Mis the acquisition length, which is
assumed to be an even integer number.

The fundamental and interharmonic normalized
frequencies fand fi» can be expressed as:
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where £ and f%» are the corresponding frequencies (in
Hz) and vand vir are the number of acquired cycles of
the original continuous-time sine-waves and £ is the
sampling rate; /and /i are the integer parts of vand v,
respectively, and 6 (-0.5 < §< 0.5) and 6 (-0.5 < dn <
0.5) are the corresponding fractional parts, i.e.,, the
inter-bin frequency locations.

In practice, both the fundamental and the
interharmonic components are non-coherently
sampled (i.e., 6 # 0 and i # 0), so that the discrete
spectrum of the signal (1) exhibits spectral leakage. To
reduce that phenomenon a window function wf(:) is
used and the windowed signal xuw(m) = x(m)-w(m) is
analyzed. An H-term MSD window (H > 2) is
considered in the following due to its good spectral
characteristics. It is defined as:

w(m) & Y- a,cos( 271% (m+ %)),
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where the window coefficients an are given by [6]: a, =

chiit chhst
2y = h=1,2, .. H—1,

anp = 22H-3 ’
b _ a!
Cd

~ (a-b)! bV

in which

The DFT of the windowed signal xu(-) is given by:
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where W(-) is the discrete time Fourier transform
(DTFT) of the window w(-). For |1] << Mand M>>1
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itis given by [6]:

wQ) =
Msin(tA) (2H-2) ! 6)
22H-27) TIHZ1(p2-32) (

From (6) it follows that M-) is an even-symmetry
function.

It should be noticed that the second and the fourth
terms in (5) represent the spectral image of the
fundamental and interharmonic  components,
respectively.

The inter-bin frequency location estimator returned by
the IpDFT algorithm based on the A-term MSD window
is given by [6]:

(H-1+i)a—H+i
a+1

5= \ (7
where 7= 0 if | Xu(/- 1)| = | X(/+ 1)| and 7= 1 if | Xu(/

wer _|Xw ()]
- DI < [Xu(/+ D] and o & SR

When /» > /+ 1 and Ain << 4, the inter-bin frequency

location estimation error due to an interharmonic
component is given by:

~ aNi (-Di2v  w(v-§)

Ag = (H + ( 1) 6) [2v—6+(—1)i+1H w(-8)

D Vi) Aip W=vip=8) _
Vin—v+6+(-1IH A W(=5) cos(@in

#)]. (8)

cos(2¢) +

The derivation of the expression (8) is given in
Appendix.

In the particular case vin = kv, (8) returns the
frequency estimation error due to the kth harmonic
[10]. As we can observe, (8) have two terms exhibiting
a sine-like behavior. The first one is due to the spectral
image of the fundamental component and it decreases
as the number of observed fundamental cycles v
increases. The second term is due to the interharmonic
component and it decreases as the difference vin - v
between the observed cycles of interharmonic and
fundamental components increases. When that
difference is small the contribution of the
interharmonic component can prevail even though
that spectral line has a small amplitude. Obviously, the
value of virn- vcan be increased by increasing the length
of the observation interval, that is increasing the
acquisition length M when a constant sampling rate is
assumed.

III. COMPUTER SIMULATIONS

The accuracy of the derived expression (8) for the
frequency estimation error has been verified through
computer simulations. The amplitude of the simulated



sine-wave wave and the acquisition length were 4 =1
p.u. and M = 512, respectively. Each simulation
exploits the results of 1000 runs in which the initial
phases of both the fundamental component and the
interharmonic were changed at random in the range [0,
27) rad. The two-term MSD window or Hann window
[9] was used.

Fig. 1 shows the maximum value of the magnitude of
the relative frequency estimation error, &5 obtained by
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simulation and theoretical results when the
interharmonic amplitude is 4i» = 0.1 p.u.. The behavior
of that error is analyzed with respect to the difference
vin - v between the numbers of interharmonic and
fundamental cycles when v = 1.7, 5.7, 10.7, and 15.7
cycles (Fig. 1(a)), and v= 2.3, 6.3,11.3,and 16.3 cycles
(Fig. 1(b)). The two cases correspond to 6= -0.3 and 6=
+0.3, respectively.
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Fig. 1. Simulation and theoretical results related to the maximum magnitude of the relative error ¢sversus the distance vin - v
between the interharmonic and the fundamental components when v=1.7, 5.7, 10.7, and 15.7 cycles (a) or v= 2.3, 6.3, 11.3, and
16.3 cycles (b). Ain/A = 0.1 p.u., 1000 runs of M = 512 samples each, and the Hann window are considered.

As it can be seen, the agreement between the
simulation and the theoretical results is very good.
Moreover, the relative frequency estimation errors are
quite significant when the two tones are close to each
other (i.e., when vir- v is less than about 1.5 cycles)
and the estimator accuracy almost depends only on the
interference due to the interharmonic. Also, when v -
v is sufficiently smaller than the number of observed
cycles vofthe fundamental component, the effect of the
spectral image becomes negligible. Conversely, the
contribution of the spectral image component becomes
significant when vi - v increases. For instance, this
occurs when viz- v is higher than 3 or 3.5 cycles for v
= 1.7 or 2.3 cycles, respectively.

It is worth noticing that the above conclusions hold
regardless the value of the number of cycles vas soon
as it is greater than 1.5 cycles, except in quasi-coherent
condition (i.e., for dvery close to zero). Indeed, in such
situation the simulation and theoretical results can
differ significantly due to the possible wrong choice of the
second interpolation point between the two samples
| Xw(/ - 1)| and [Xw(/ + 1)|, which exhibit very close
values.

Fig. 2 shows the simulation and theoretical results
related to the maximum magnitude of the relative
estimation error, &5 as a function of the ratio Ain/A4
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between the interharmonic and fundamental amplitudes
when v= 1.7 and 5.7 cycles (Fig. 2(a)), v= 2.3 and 6.3
cycles (Fig. 2(b)) and vir - v = 1 cycle. The above
difference is the smallest one considered.

Fig. 2 shows that the simulation and the theoretical
results are very close to each other when Ai/A4<0.1. It
is worth noticing that the results obtained for v> 5.7
or v> 6.3 cycles are very close to those reported in Fig.
2(a) for v=15.7 cycles and in Fig. 2(b) for v> 6.3 cycles,
respectively.

Finally, Fig. 3 shows the comparison between the
maximum magnitude of the frequency estimation error
A6 due to an interhamonic whenviz - v = 1.7 cycles
and a second harmonic as a function of v when both
interharmonic and harmonic have the same amplitude
equal to 0.1 p.u. The theoretical expression for the
error contribution due to the second harmonic is
obtained from (8) assumingvis =2 v.

As it can be seen, the frequency estimation error due to
the interharmonic is almost independent of the integer
part of the number of observed sine-wave cycles and it
depends mainly on the inter-bin frequency location &.
Indeed, that contribution is related to the second term
in (8), which, for fixed values of vi» - v, depends only
on J. Therefore, the magnitude of the error &5 has an
almost periodic behavior with respect to v. Conversely,



the frequency estimation error due to the effect of the
second harmonic decreases as the number of observed
sine-wave cycles vincreases. Moreover, it is dominated
by the effect of interharmonic, except when v< 2 cycles,
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Fig. 2. Simulation and theoretical results related to the maximum magnitude of the relative frequency estimation error &sversus the ratio
Ain/Awhen v= 1.7 and 5.7 cycles (a), or v= 2.3 and 6.3 cycles (b). vin - v= 1 cycle, 1000 runs of M = 512 samples each, and the Hann
window are considered.
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Fig. 3. Simulation and theoretical results related to the
maximum magnitude of the frequency estimation error A5
versus vwhen the sine-wave is affected by both interharmonic
and second harmonic of the same amplitude equal to 0.1 p.u..
The interharmonic is 1.7 cycles from the fundamental
component. A =1 p.u., 1000 runs of M = 512 samples each,
and the Hann window are considered.

IV. CONCLUSIONS

In this paper an analytical expression for the inter-
bin frequency location estimation error returned by
the IpDFT algorithm based on a generic MSD window
has been derived in the case of sine-wave affected by
a small-amplitude interharmonic located more than
one bin apart from the unknown frequency. The
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accuracy of the derived expression has been
confirmed through computer simulations. It has
been shown that the frequency estimation error can
be significant when the frequency separation
between the interharmonic and the sine-wave is
small and it can be much greater than the effect due
to the spectral interference from a second harmonic
of equal amplitude.

APPENDIX

Derivation of the expression for the error Ad

From (5), after simple calculations, we obtain:

X, (DI =2 (W2 —6) + W22y -5+

1? + 2W(r—8)WQRv — 6 +1r)cos(2¢)] +
%[Wz(v—vih —5+r)+Wiv+v, —86+71)+
F2WW —vy, =S+ )W +vy, — 8 —

r) cos(2in)] + 2L W (r — W (v — vy — & +
r)cos(p — pyp) + Wir—OWHw+vy, —6 +
rycos(p + pip)FWQRv—-6+rWwv —vy, —6 +
rycos(p+ pyp) +WRv—-8+r)WH+vy, —6 +

r)cos(p — pp))r =
-1,0,1

1)

(A

When /n > 7+ 1 and Ain << A4 | X/ + 1)|? can be
approximated as



Ky (L+7)2 =2 [W2(r - 8)+2W(r - W (2v +
-8 + 1) cos(2¢)] + A':JW(r —OW —vy, — 6+

) cos(p—in),
(A.2)

since the above terms are much higher than the other
terms in (A.1).

From (A.2), based on the approximation v1+ x =
1+ g, when |x| << 1, from (A.2) we achieve:

X, A+ =2w—8)[1+
w2v-8+r) Aip Wv=vip—6+1) e
WCOS(ZQ'[’) +7W605(¢ ¢m)],

(A3)

From (6) the following equalities can be achieved:

H-1+(-1)"1§

W1 = 8) =~ s W),
WQ2v -6+ (1)) i
sz;f :Sri_(l—)lgﬁl_fll) Wz -9
W —vip =6+ (-1
B HH_+1(t 1()_”1 1) (iv—_v:h—_a? W =vin = ).
(A4)

Based on (A.3) and (A.4), after some calculations we
obtain:

Xw(@+D| . W(5+D) ( 2H-1 )
T X (=140 T W(—1-8+0) H+(—1)i+15—1y ’
(A5)
where
_ 2(-Dh w(2v-5)
Y = - W) cos(2¢) +
A (D'vip—v) WE-vip—8) _
A vip—v+8+(-1)iH  W(-6) cos(¢
bin)- (A.6)

From (7) it follows that the error Adis given by [10]:
AS = (H + (=1)i6)y. (A7)

By replacing (A.6) into (A.7) the expression (8) is
finally achieved.
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