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Abstract — In this paper we provide a distributed way
to transform the network topology underlying a set
of agents embedded in a bi-dimensional space into a
planar graph, and specifically into a Gabriel graph.
Moreover, a distributed algorithm based on synchro-
nized consensus methodologies is provided in order to
gather some useful pieces of meta-information (number
of faces, average size of the faces, size of the boundary,
etc.) and to let each node in the Gabriel graph identify
its “role'" (i.e., node that links two subgraphs, node on
a branch ending with a leaf, node belonging to a face,
etc.). The insights obtained by means of the proposed
approach may contribute to develop better geographic
routing techniques as well as to improve the local de-
cision capability of the agents in distributed environ-
ments.

Keywords: Gabriel Graphs, Planar Graphs, Syn-
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I. INTRODUCTION

Wireless sensor networks often implement routing pro-
tocols that are based on the node’s position in order to de-
liver the messages; among them face routing is a mech-
anism that routes a message along the faces of a planar
graph, and is often used as a recovery strategy when greedy
algorithms (e.g., send the message to the neighbor which
is closest to the target) fail [7].

In this and several other contexts (clustering, robot coor-
dination, etc.) that require a high degree of autonomy for a
network of interconnected agents, it is beneficial to derive
a planar graph with few links that is optimal in some sense
and to gain insights on the properties of such graph, such
as the number of nodes, edges, faces, the average size of
the faces and of the boundary, etc.

Moreover, it is beneficial to let each node understand its
“role" in the network, e.g., leaf node, node that connects
two densely connected components, etc.

In this paper we provide a methodology based on syn-
chronized consensus algorithms aimed at transforming a
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unit disk graph into a planar graph, and specifically into
a Gabriel graph, and at gaining insights on the aforemen-
tioned meta-information.

The structure of this paper is as follows: Section II de-
scribes Gabriel graphs and some of their properties; Sec-
tion III outlines the proposed distributed methodology to
construct a Gabriel graph; Section IV reviews the dis-
tributed consensus algorithms, while Section V and Sec-
tion VI provide the proposed methodology and some con-
clusions, respectively.

A. Preliminaries

Let G = {V, E} be a graph with n nodes v; € V and
e edges (v;,v;) € E. A graph can be represented by an
n x n adjacency matrix A, where a;; > 0if (vj,v;) € E
and a;; = 0 otherwise. The term a;; represents the weight
of the edge (vj,v;). A graph is said to be undirected if
(vi,v;) € E whenever (vj,v;) € E, and is said to be
directed otherwise; in the following, where not explicitly
stated, each graph is considered as undirected. Let the de-
gree d; of a node v; be the sum of the weights of its edges,
i.e., d7 = Z?:l Qij.

A graph G is connected if for any v;,v; € V there
is a path whose endpoints are in v; and v;. A graph is
acyclic if it does not have cycles, i.e., a cyclic sequence
of edges such as {(vy,v2), (v, v3), (v3,v1)}. A spanning
tree T(V') on a set of nodes V' is a connected acyclic graph
covering all nodes in V; given a graph G = {V, E'}, a min-
imum spanning tree T(G) is a spanning tree over V' such
that the length of the path connecting any couple of nodes
v3,v; € V is minimum with respect to any other path in
G. Any graph that may be embedded in the plane such that
distinct edges do not intersect except at vertices is termed
a planar graph [2]. Let an interior face of a planar graph
be a finite continuous region of the plane bounded by the
vertices and edges of a cycle of the graph and having no
vertices or edges in their interior. For a planar graph the
euler’s formula holds true, hence f = e — n + 1, where f
is the number of interior faces.
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Figure 1 provides a taxonomy of the structures that com-
pose a planar graph. Specifically, it holds V' = V; UV U
V.o, where:

1. the nodes in V; belong to a face (red, black and purple
nodes in the figure), and can be further decomposed
as Vy = V; UV, UV, where

(a) the nodes V; (in black) connect two or more
faces;

(b) the nodes V,; (in purple) lie on a path that con-
nects two faces;

(c) the nodes V. (in red) belong to a face but are not
inVj or V4

2. the leaf nodes V; (in green) are actual leafs or are
nodes on a path that connect just one face to a leaf
node (we will refer to both cases as leaf nodes);

3. the conenction nodes V,o (in white) that lie on a path
connecting faces but do not belong to a face.

The edges of a planar graph can be decomposed as

E=E,UE UE.UE, (1

where: E, are the perimeter edges, i.e., edges that lie on
the boundary and belong to a face; E; are the internal
edges, i.e., edges belonging to two faces; E. are the con-
nection edges, i.e., edges on a path joining two faces; E
are the leaf edges, i.e., the edges that have at least an end-
point which is in V.

Let the boundary v of a planar graph be defined as the
number of links on the boundary, where each link that does
not belong to a face is counted twice, i.e.:

@)

where e; is the number of perimeter edges F,, e. is the
number of connection edges E. and e; is the number of
leaf edges Ej.

Y=e—ei+ecte

A Unit disk graph is a graph where the nodes are em-
bedded in a metric space, such that there is a link between
two nodes v; and v; whenever the distance between v; and
v; is smaller than a threshold .

II. GABRIEL GRAPHS

Let a set V of n nodes and let p; = [x;,v;]7 € R? be
the position of node v; and let a graph G = {V, E'}.

A Gabriel graph is a graph G, = {V, E;} with E, C
E, such that an edge (v;,v;) € E belongs to E, if and
only if, for each vy, € V, v, # v;,v; it holds

l1pi = pi|* < l1pi = al® + |lpn — pyI>

where ||p; — p;|| is the euclidean distance between node v;
and node v; [1, 3]. Equivalently, a Gabriel graph is such
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Fig. 1. Taxonomy of the structures that compose a pla-
nar graph: the green nodes represent leaf nodes N;; the
white nodes N.o are nodes not belonging to a face that
connect two subgraphs composed of faces; red purple and
black nodes are nodes Ny belonging to faces, but the pur-
ple nodes N1 are nodes that are connected to white nodes
and the black nodes N; are nodes that join two otherwise
disconnected faces.

Fig. 2. Example of Gabriel Graph with n = 5 nodes. For
each link, no node other than the endpoints lies in the cor-
responding black circumference centered in the midpoint
of the link with diameter equal to the link length.

that no node other than the endpoints of a link lies within
the circumference centered in the midpoint of the link with
diameter equal to the link length. A third equivalent def-
inition is that an edge (v;,v;) € E belongs to E, if and
only if, for each vy, € V, vy, # v;,v; the angle Zv;vpv; is
acute.

Note that a Gabriel graph G, is connected whenever
the original graph G is connected; moreover, it is a pla-
nar graph that contains every possible minimum spanning
tree defined over G, although having a number of edges e
that is very small compared with other planar graphs [3].

Let 3 be the average size of all faces of a planar graph
G including the size of the boundary . In [3] it is shown

that, for a Gabriel graph it holds 5 = fgfl.

Let B be the average size of the interior faces and let y
be the size of the boundary. By some algebra, it is easy to
show that 2¢ = 3f + .

In the following, we will consider Gabriel graphs G that
satisfy the following hypothesis.

Hypothesis 1. The Gabriel graph G is such that any con-
nected subset V.3 C Vo links no more than 2 otherwise
separate components of G that contain each at least one
node in Ny.



III. DISTRIBUTED GABRIEL GRAPH
CONSTRUCTION

The following Lemma provides a distributed way to ob-
tain a Gabriel graph G, by substituting the terms a;; of the
adjacency matrix of the original graph G' with the terms
di j.

Lemma 1. Let a network of n agents, each with a known
position p; = [r;,y;)T € R% Suppose the graph G that
underlies the network is a connected unit disk graph, and
let

1 1, .
Biin = sgn (aiz ) sen(|Ipn — 56511 = 311551

where 51-? = p;i +pj and 6;; = p; — pj.
If each agent i calculates the terms a;; for all i =
1,...,n, j # iasfollows:

ay =sgn[1 4, min (o)) @

then the network represented by the adjacency matrix A=
{ai;} is a Gabriel graph with unitary weights.

Proof. Let us consider a generic edge (v;, v;) belonging to
G. For the edge to belong to the Gabriel subgraph, it must
be verified that no other point p;, lies in the Gabriel circle
that intersects p; and p;; in other words for each v;, #
Vi, V-

(zn — xfj)Q + (yn — yfj)Q > T
where

1 1
pfj = [mgjvyfj]T = 55;;(]9’), Ticj = 55;

The term ¢;;;, summarizes the above condition, in that
¢i;n = 1 when the condition is fulfilled and ¢;;, = 0
otherwise. Since G is a unit disk graph, the Gabriel cir-
cle that intersects nodes v; and v; is contained in the unit
circle centered in v;, hence the Gabriel condition has to
be verified only for the neighbors of v;. Such condition is
verified for all v, # v;, vy if it is verified for the node vy,
which is closest to the Gabriel Circle, hence the statement
is proved. 0

Notice that the above method is based just on local in-
formation (the position of neighboring nodes). Moreover,
agents ¢ and j reach independently the same conclusion on
the edge (v;,v;), i.e., 4;; = G;; and the resulting graph is
undirected.

IV. CONSENSUS ALGORITHMS
Suppose each node in a graph G represents an agent with
an initial condition x;(0) € R; at each iteration ¢ the nodes
update their state as

Fig. 3. Example of Gabriel Graph obtained from a unit
disk graph with n = 25 nodes in random position in the
unit square and | = 0.35. The cyan dotted edges are
dropped using the approach in Lemma 1, resulting in a
Gabriel graph.

zi(t +1) =Ui({z;(t) :v; e N;U{i}}) &)

where U; is a function of the current state of the node
and his neighborhood

-/\/i = {’Uj cV: (’Ui,’Uj) S 5}

Let x(z1(0),...,2,(0)) € R be any function of the ini-
tial conditions of all the nodes; the x-consensus problem
consists in finding a function f;(-) such that

lim xz(t) - X(xl(o)v s 7xn(0))

t—o0

Vi=1,...,n.

Let us now discuss the max-consensus problem, where
the nodes have to converge to the maximum of the initial
conditions, i.e., x(+) is the maximum of its arguments. The
problem, for a connected and undirected graph, is known
to have a solution in finite time [4] choosing

U;() = max  xp(t). 5)

heN;U{i}

In the average-consensus problem the nodes are re-
quired to converge to the average of their initial conditions,

ie.
T
x(-) = ¢’ [1(0) ,(0)]
where ¢’ = 111 and 1,, is a vector with n components all
equal to 1.

Let each node choose
Ui(-) = wimi(t) + Y wija; (k) (6)
j=1

where w;; = 01if (v;,v;) ¢ £. The update strategy for the
entire system can be represented as xz(k + 1) = Wax(k),
where the n X n matrix W contains the terms w;;.

According to [5], this choice of U;(+) yields a solution
if and only if : (I) W has a simple eigenvalue at 1 and
all other eigenvalues have magnitude strictly less than 1;
(ID) the left and right eigenvectors of W corresponding to
eigenvalue 1 are 1,, and ¢, respectively.
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A possible choice for W is w;; = 7a;; if v; # v;
and w;; = 1 — 727:1 a;; otherwise [4], where 7 <
1/min—1 . n Z?Zl a;; is a constant parameter which is
the same for all the nodes.

V. META-INFORMATION GATHERING

Let us show how to obtain meta-information such as the
value of n, e, f, B of a Gabriel graph in a distributed man-
ner. Later in this section we will also describe an algorithm
to identify the role of each node in the Gabriel graph (see
Figure 1, where the nodes are labeled using the proposed
methodology), which is a precondition for the distributed
calculation of B and 7.

A.  Meta-information Gathering

Combining the max-consensus and the average consen-
sus algorithms, it is possible to calculate the number of
agents n in the network in a distributed way [6].

Specifically, suppose a leader is elected via max-
consensus (e.g., the nodes each have a unique identifier
and the node with maximum identifier is elected as leader
via max-consensus). Now, let the nodes execute an average
consensus algorithm with Z;(0) = 1 if node v; is the leader
and Z;(0) = 0 otherwise: the average-consensus yields

. 1
tlggo zilt) = n

As for e, if each agent chooses Z;(0) = d;/2 it is easy

to show that the average consensus yields

A E?:1 Z?:l Qij €
Am &ilt) = ———F —— =
The number of faces can be obtained as

i‘l(t) + jﬁi(t) -1

() =e-ntl=/,
while 3 can be obtained as
2%;(t) 2e

1 = = g.
A e n  Fri P

Notice that, the values of B and y can not be easily de-
termined.

B. Node Role Identification

Let us provide a brief description of the proposed al-
gorithm for the node role identification, under Hypothesis
1. First of all, the leaf nodes are identified by iteratively
letting each node v; with d; = 1 drop his link and be la-
beled as leafs (the green nodes in figure 1). The number of
leaf nodes and edges is counted using an average consen-
sus over the Unit disk graph where nodes labeled as leaf
select z;(0) = 1 and all other nodes select z;(0) = 0;
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knowing n it is easy to obtain the number of leaf nodes
and edges. White and purple nodes in Figure 1 represent
connection nodes that are on a path connecting subgraphs
composed of faces (the white nodes V.o do not belong to
a face, while the purple nodes V., belong to a face). After
removing a link among two non leaf nodes, a distributed
connectedness test is executed: if the Gabriel graph with-
out the removed link is disconnected, then the link is a con-
nection link and the nodes are connection nodes.

If this case is verified, removing the link might create
a new branch ending with a leaf where the nodes in this
branch are all labeled as connection nodes, in a way similar
to the approach used for leaf nodes.

As for the connectedness test, it can be executed in a
distributed way by letting one of the endpoints of the link
choose z;(0) = 1 and all other nodes choose z;(0) = 0;
if computing the number of nodes n, ¢, after the link re-
moval it holds ngfter 7# 1, then the network is discon-
nected. Note that the number of paths ¢/ that involve nodes
in V.1 and V2 can be easily obtained by letting the first
node identified on each connection path select #;(0) = 1
and all other nodes select Z,;(0) = 0, and executing an av-
erage consensus it holds

g, o) =

sl

The joint nodes V; (i.e., nodes belonging to more than
one face, but such that each of their edges belong to just
one face, see the black node in Figure 1) are identified by
iteratively letting each node drop all its links and calculate
the number of faces in the graph before and after the link
removal: the removal of the links of a joint node is the only
case that results in a network disconnection in 3 compo-
nents (including the node itself) and such that the number
of lost faces is smaller than d — 1 (removing the black node
in Figure 1, 2 faces are lost, but the degree of the black
node is 4). More in detail, to calculate the number of faces
after node v; drops all its links, the leaf nodes are also re-
moved. Then, the two disconnected components G 41 and
G 42 (not considering node v; and the leaf nodes) calculate
their value of ng1,n42, €41, €42 and fg1, fg2. Eventually,
node v; calculates the sum of the values f;; and fgo by
choosing the value associated to two neighbors that have
different values of f and that are not labeled as leaf nodes.

C. Distributed Calculation of B and vy

First, note that e = e, +e;+e.+e;, where e, is the num-
ber of links belonging to a face that lie on the boundary, e;
is the number of links with at least an endpoint which is an
internal node (i.e., nodes belonging to a face that are not on
the boundary), e; is the number of links with an endpoint
labeled as leaf node and e, is the number of edges with
both endpoints labeled as connection nodes. Let us further
denote by n; and n.o the number of joint nodes (the black



node in Figure 1) and the number of connection nodes that
do not lie on a face (the white node in Figure 1).

Lemma 2. Let a Gabriel graph G = {V,E} and let d}
be the degree of a node without considering the links Ej.
Suppose that G satisfies Hypothesis 1.

It holds

Z(d;“—l):e—el+ei+nj+7j;.
eV

)

Proof. Let us assume, for the moment, that there are no
leaf nodes, hence e; = 0. Let us first show that Eq. 7 holds
true for any graph composed of a single face; in this case
d} = 2 for each node hence

> (dr-1)=e.

%

Now suppose that two graphs G; = {V}, E1 } and G5 =
{Va, E5} are composed each of just one face, and have e,
and eo edges, respectively. Let us consider a graph G5 =
{Vi2, E12} which is the fusion of G; and G5, such that
an edge (v14,v15) of G is merged with an edge (vaq, vap)
of G5 (the node vy, is merged with vy, and vy, is merged
with vgp). The degree of each of the 4 nodes to be merged
is equal to 2, while the degree of each of the 2 merged
nodes is equal to 3, hence:

Sldi—1)= Y (d -1+ > (d 1) =e1+e
i€Via 1€V 1€V
and G2 has e;5 = e1 + e — 1 edges; as a result

> (dp—1)=enp+1.

i€Via

The above reasoning can be extended to any number of
merged links, yielding

Z(df —1)=e+e;.
%

Let us now consider the case where two graphs GG; and
G2 such that each link belongs to at least one face are
merged by fusing a node vy, € V; with a node vy, € V5.
The degree of vy, and vy are dy, and dyy, respectively,
while the degree of the merged node is dy, + d1p, therefore

Do —1)=> (d -1+ > (df —1)+1
i€Via A% i€ Vo
in this case e1;5 = €1 + €3, hence it holds
z (di =1) =e2+e; +1.
1€Via
Generalizing to several merged nodes we get

ddi—1) =e+e;+ny.

eV

T ac opaiPsi

Fig. 4. Example of execution of the proposed methodology.

M pcinc2 W n ol eceproiPs

Fig. 5. Example of execution of the proposed methodology
when Hypothesis 1 does not hold true.

Let us now consider a case where two graphs G; and G2
such that each link belongs to at least one face are merged
by means of a connection path composed of m additional
nodes in V.. In this case the node in GG; and the node in G5
that are connected by means of the path belong to V,; and
increase their degree by one, while each other node in the
path has d} = 2, hence

Dldi—1)= Y (d -1+ > (di-1)+2+m
i€Via eV i€Va
in this case e;5 = e1 + e3 + m + 1, hence it holds
Z (df —1) =€ +e;+n;+1
i€Via
Generalizing to several paths we get
Z(d:‘ —l)=e+e;+n;+7¢
%

where 1 is the number of such paths. If e; # 0, then Eq. 7
is proven. O

Theorem 1. Let a Gabriel graph G = {V, E} and sup-
pose that G satisfies Hypothesis 1. It holds

263



7:2€+€C+njfn02+’¢)fz(d;kfl) ®)

i€V
Proof. Summing Eq. 2 and Eq. 7, the unknown term e;

disappears, and rearranging the terms, Eq. 8 is obtained.
O

Remark 1. Let us show that v and B can be computed
in a distributed fashion. In order to calculate Eq. 8 in
a distributed way, we need just to show how to calculate
> icy (di — 1), beacuse e can be calculated as described
above and e.,nj,nc.o can be calculated by executing the
node role identification and then letting the nodes share
information via average consensus (for instance n; can be
calculated if each agent chooses an initial opinion equal to
1 if it is a joint node and 0 else). If each node executes an
average consensus algorithm choosing z;(0) = df — 1 if it
is not a leaf node and x,;(0) = 0 otherwise, then it holds

tim 240 _ ™ ge 1),

t—o0o El(t) ey

Using the above result, both ~ and B can be calculated,
as well as the term e; + ¢, = e — ¢; — e.; note that
the terms e; and e, can not be determined, while know-
ing them would be a first step in the identification of in-
ternal nodes. Figure 4 is an example of execution of the
proposed methodology: specifically, the distributed calcu-
lation of the nodes n, of the edges e and of the faces f is
reported, together with the result of the meta information
gathering reported in the bar plot and the distributed cal-
culation of ~, which is given in the right-lowermost plot.
The roles identified for the nodes are reported on the graph
with the same color code of Figure 1.

D. About Hypothesis 1

The above results are limited to Gabriel graphs G that
satisfy Hypothesis 1. Figure 5 provides an example when
Hypothesis 1 does not hold. In this case v = 38 but the
agents estimate v = 39. It can be noted in this case that
there are 3 components with nodes in V; that are linked
via a connected path with nodes in Vo, and the algorithm
proposed fails to identify the nodes that connects the paths
(the central purple node), which is considered as a node
in V., instead of V5. The cases when Hypothesis 1 is
not verified seem to be quite rare. In a first experiment
we consider a network with n = 20 nodes with random
uniform positions in the unit square and p € [0.2, 0.5] with
sampling steps of 0.05 and we generate 1000 graphs for
each value of u: each graph generated respects Hypothesis
1. Figure 5 suggests that graphs that violate Hypothesis
1 might be quite sparse, hence in a second experiment we
focus on low-connectivity networks, considering a network
with n = 20 nodes with random uniform positions in the
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unit square and p € [0.2,0.3] with sampling steps of 0.01
and generating 1000 graphs for each value of y: again,
each graph generated respected Hypothesis 1.

VI. CONCLUSIONS

In this paper we provide a distributed way to obtain a
planar graph and calculate some useful metainformation
as well as detect the role of each node.

Future Work will follow two main directions. First, we
will extend the proposed methodology to Gabriel graphs
that violate hypothesis 1. Then we will use the meta-
information obtained in order to design more effective
georgraphic routing techniques for wireless sensor net-
works.
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