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Abstract - Least-squares error functions are widely used in the determination of the parameters of models of a
system. When this procedure is iterative, the problem of deciding when to stop iterating arises. Usually a
threshold is defined, so that when the error function falls below this value, the least-squares error procedure can
be stopped and the solution is found. However, this threshold depends on the uncertainty of the measurements.
In this paper, the cost function PDF (probability density function) is analyzed to obtain a closed-form expression
for the estimation of this threshold, in the framework of impedance spectroscopy.

l. Introduction

System identification is of importance in many fields of science since it can provide valuable insight about the
process being modeled [1]. Usually it consists on finding a model that reasonably predicts the output of the
system as a response to some set of stimulus inputs. Sometimes the model is known and only its parameters need
to be searched for, as in the calibration of a stereo vision system using stars [2], or in impedance spectroscopy of
impedances with a known topology [3]. Other times, there is no intrinsic knowledge about the system and the
only available information is the system response. In these cases, the search for a suitable model can be
performed by evolutionary algorithms such as [4, 5], where a population of potential models are tested and
evolved until a suitable model is found. This is performed by minimizing a cost function which is usually the
sum of the squares of the errors between the system output and the model output, in what is known as least-
squares fitting. The parameters and/or model are found when the value of this cost function is below a predefined
threshold. However, the optimal threshold value depends on the uncertainty of the measurements, and is usually
not know beforehand. Least-squares are universally used: examples include image registration [6, 2], trace gas
analysis [7], sine-fitting algorithms [8] and impedance measurements [9].

In this paper, the problem of threshold definition in least-squares problems is studied under the framework of
impedance spectroscopy [10]. The probability density function [11] of the cost function is derived and its
histograms are obtained by simulating different impedance measurements which include magnitude and phase
uncertainty. Closed-form approximate expressions for the threshold value in least-squares problems are also
derived.

I1. Cost Function Probability Density Function

In circuit identification through impedance spectroscopy, the measured impedance response is fitted to the
response of the equivalent circuit topology through a cost function defined, in a least-squares sense, as

1 < Zm(fi)_zreal(fi)
N za(l)

where Z_ (f;) is the measured impedance at frequency f,, with N, frequency points, and Z, (f,) is the

impedance of the equivalent circuit topology. Considering that there is relative magnitude and absolute phase
measurement uncertainty, both normally distributed with zero mean and variance o> for the magnitude and
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@

variance csi for the phase, the measured impedance can be written as

Zm (mi ) = Zreal ((Di )’ (1+ Xi )ej(q)'eaﬁv') (2)
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where X, 0 N(0,063)=0,N(0,1) is the relative magnitude error and Y, 0 N (0,0} )=0,N(0,1) is the phase

error and both follow a normal distribution with different standard deviations. Substituting (2) into (1) results
into

&= i§|(1+ X,)e -1
N 1

foi=l

:NLZ| 1+ X, )[ cos(Y,) + jsin( i)]—q2 (3)
foi=l

1

- N_z[(u X,) +1-2(1+ X, )eos(¥,) |

foi=l

which is independent from the real impedance values. Assuming that Y; LI 1, it is possible to substitute cos(Y;)

{ (1+X;) +1—2(1+ Xi)[l—gﬂ

(Xi2+Yi2+XiYi2).

by its series expansion, resulting into

(4)

15
N,
15
N,

M 'MZ

Assuming also that X; [I 1, the term X,Y,> in (4) can be neglected since it is of an higher order than terms X}
and Y,?, resulting into

;—ZX +—ZY2 (5)

fll f|1

Also, each of the elements in (5) can be written as

—ZXZD—Z N?(0,2)=—2%7(N,) (6)

f i=1 f i=1

Lyvoly $N2<o,1>=;‘—“’x2(Nf> )

fll fll f

which are XZ distributions, with N, degrees of freedom, and different scaling factors. Thus, in the special cases
where only magnitude uncertainty or only phase uncertainty are considered, the cost function (5) follows a
scaled y* distribution. However, in general, since the scaling factors are different, cost function (5) does not
follow a chi-square distribution, but according to the central limit theorem, it approaches the normal distribution
for high N, (i.e., when enough different impedance frequency measurements are taken). According to (6) and

(7), the mean and standard deviation of the cost function (5) are

2

ME:E[S]:;_;E[Xz(Nf)J.F;_‘DE[XZ(Nf):|=G§+G$, (8)

f
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0. = J‘N’évar[ ()]s var ()] = [55-(ot o) ©

Thus, for high N, , the cost function approaches the normal distribution

el N(HS,GS). (10)
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I11. Numerical Results

In this section, the previously derived results are numerically analyzed. The impedance of a circuit Z_, was

computed for N, frequency points in the range [0.1,10] kHz . To simulate the measured impedance response,

uncertainty was included in the magnitude and phase of Z _, , with 5, =0.08% and o, =0.05° corresponding

real ?

to the measurement uncertainties of an impedance meter [12]. The cost function was computed using (1) for 10°
different realizations of simulated measurements. Figure 1 shows the histograms for the cases with only
magnitude uncertainty, only phase uncertainty and both magnitude and phase uncertainty for 10 impedance

measurements (Nf =10). In Figures 1a) and 1b), the histograms approximately follow the scaled y?
distributions (6) and (7), respectively, which are shown by the black line in each plot. However, Figure 1c)
approximately follows (5) which is not a y? distribution, thus it is approximated by the normal distribution (10),
as shown by the black line. In this case, there is a deviation from the histogram and the probability distribution,
as expected since the number of degrees of freedom is only N, =10. Figure 2 presents the same analysis for
N; =100. Due to the higher number of degrees of freedom the probability density functions now resemble

normal distributions and the fit between the obtained histograms and the probability density functions are quite
good.
When the histogram follows a y? distribution, the threshold TH to be used in equivalent circuit identification

can be obtained by the chi-square inverse cumulative distribution

N -2 t

o? Lt 2 g2

TH =—F*(1-p) where F(x) =J-N4dt (12)
Nf 0 - Nf
227 —
2
where T"(x) is the Gama function and p is the percentage of realizations that are allowed to remain above the
threshold. When both magnitude and phase uncertainty are included, the threshold TH can be obtained by

TH=t+o,v2erf*(1-2p) (12)

which is valid for normal distributions. Figures 1 and 2 also present the estimated thresholds for p =5%, using

(11) for cases a) and b), and (12) for case c). With the computed thresholds, the corresponding probability
density function areas for cost function values below the threshold were computed from the histograms. For the

x? distributions, the areas are all very close to 1— p =95% as expected. However, when there is magnitude and
phase uncertainty, as in Figure 1c) and Figure 2c), the areas are lower but still close to 1- p =95% even for low
N, , as is the case of Figure 1c).
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Figure 1. Histogram of the cost function for N, =10 with: a) only magnitude uncertainty; b) only phase
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uncertainty; c) both magnitude and phase uncertainty. Black curve corresponds to: a) the ¥ distribution (6);
b) the x* distribution (7); c) the normal distribution (10).
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Figure 2. Histogram of the cost function for N, =100 with: a) only magnitude uncertainty; b) only phase
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uncertainty; c) both magnitude and phase uncertainty. Black curve corresponds to: a) the > distribution (6);
b) the y? distribution (7); c) the normal distribution (10).

In real measurement conditions, both magnitude and phase uncertainties will be present. Therefore, the cost
function distribution is approximated by normal distribution (10).

From the deduction in the previous section, it was concluded that the error function distribution was independent
from the impedance under test, as shown in (3). To further illustrate these results, the circuit in Figure 3,
corresponding to the equivalent impedance of a humidity sensor [13], was considered. Its impedance magnitude
and phase response, in the range [0.1,10000] Hz is shown in Figure 4.
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Figure 3. Humidity sensor equivalent circuit for 20 % relative humidity [13].
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Figure 4. Impedance magnitude and phase response of the circuit in Figure 3.

Once again, magnitude uncertainty o, =0.08% and phase o, =0.05° uncertainty were included in the
simulated measurements. The resulting histograms for N, =10 and N, =100 are shown in Figure 5 together

with the approximate normal distributions, shown by the black curve overlaying the histograms, and the
threshold values obtained from (12). The threshold values and corresponding areas are almost the same as the
results shown in Figures 1c) and 2c), confirming that the resulting probability density functions depend only on
the cost function definition and on the magnitude and phase uncertainty. A further test was performed on the
simulated measurements of an impedance consisting on an ideal 1000 Q resistance. The resulting probability
functions are shown in Figure 6 and confirm that they are independent from the impedance values. Notice that
the histograms are obtained from (1) using the simulated impedance values and none of the approximations that
lead to (4), (5) or (10).
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Figure 5. Histogram of the cost function for the humidity equivalent circuit shown in Figure 3 for: a) N, =10;
b) N, =100. Black curve corresponds to the estimated normal distribution (10).
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Figure 6. Histogram of the cost function for impedance Z =1000 Q for:a) N, =10; b) N, =100. Black curve
corresponds to the estimated normal distribution (10).

V. Conclusions

This paper addressed the problem of defining the appropriate threshold when using iterative least-squares to fit a
noisy set of measurements to a model of the system under test. Impedance spectroscopy was used as a case-study
but the results can be adapted to any problem of the iterative least-squares class. The cost function PDF for an
impedance response with relative Gaussian magnitude uncertainty as well as phase uncertainty has been derived.
It was found that when there is only magnitude or only phase uncertainty in the measurements, the resulting PDF

is a scaled y® distribution. In the more realistic case where both magnitude and phase have uncertainty, the

resulting PDF is not a %, but can be reasonably approximated by a normal distribution even if the number of
frequency measurements is as low as 10. Approximate expressions for the average and standard deviation of the
approximate normal distribution were also derived. Histograms for different test impedances were simulated and
were in good agreement with the predicted probability density functions as shown in the numerical results. The
derivation of the PDF of the cost function showed that it is independent of the impedance under test, which was
confirmed by the numerical results. Finally, closed-form expressions for the threshold were derived for the case

where the PDF is a scaled % and also for the case where it has to be approximated by a normal curve.
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