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Abstract-Quantization errors like ADC errors and roundafbes are similar in the sense that they are diffito
analyze and predict, and therefore need careftd/tagasurements. This paper discusses the passthdf the
simulation of single-precision floating-point rowftl errors. It illustrates the examination of theoe and
discusses it in one of the most common signal @sng procedures, the fast Fourier Transform.dtsha case
when spurious spectral peaks appear due to roundoif.

I. Introduction

In digital signal processing, quantization erroavédntwo main sources: A/D conversion, and roundothe
computer, usually a digital signal processor. Tfoess to properly characterize the data processivan, both
need to be investigated. The usual problem is, kewehat analytic results are rare. Most of thase of
statistical nature, and they are based on the mogs#el of roundoff: for fixed-point, the roundo# hoise-like,
with varianceLSB%12, it is independent of the signal, and it isallsuwhite. Floating-point error is less regular,
but also has general approximation rules: its vaeds about vas} = 0.1802"-var{x}, with p the precision and
x the signal ([1], page 257, Eq. (12.24)), and mmgorrelated with the signal, and it is white. 3&eroperties
are usually all valid, but need careful experimBatabecause they are usually only approximatioith wo
guarantee. However, experimentation is not ea®)js tare often not available, and if available, thhegd to be
cross-checked because even small deviations frerth#ory can cause noticeable errors.

I1. Possibilitiesfor examination

This subsection tries to sum up the common prageenif the different examination methods. To sinaulat

single-precision number representation, the foll@msix methods are available:

e Calculations using variables of class “single” iatl4b,

* Using a roundoff simulation toolbox in Matlab,

< Using an object-based finite precision toolbox iathdb,

e Using a DSP simulator,

e Using a DSP itself for calculations,

e Using variables of class “float” in C++ language.

We have tried all six, and achieved by proper sgttithat all of them yield exactly the same resiltss will be
discussed below. We have not tried to use an egtepdecision accumulator, because one of the nmiais was
to achieve exactly the same simulation results. §ikenethods above can be divided into two grolystlab
based methods and C/C++ based methods. First tHatMeased methods will be discussed.

A. Matlab based methods

Using quantization toolboxes in Matlab allows usddine and create floating-point quantizers wilimast
any bit numbers. When passing higher precisiorabsées to these quantizers they quantize the giata to the
defined precision, and return it with the quantizedue. To keep compatibility with all the above thuass,
simple operations (addition, multiplication, e.gie also supported with strict rules: every pan&gult is
quantized, no temporary growth of the precisioraliswed. This is important because Matlab can handl
complex numbers and multiplying complex numbers barnraced back to four real multiplications ana tw
summations. Due to the strict rules after everytiplidation the result is quantized, so this carcbasidered as
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the worst case from the error’s point of view. UWsthese quantizers and operations the FFT’s algoritan be
implemented and performed with single precision.

Another possibility is to use the built-in Matlalagssingle, which represents numbers in single precision
format. These variables can be passed to everytidunmand then the function will be performed witingie
precision. But using the single class sometimegptheision is higher than we expect. For exampeleys$ see an
easy butterfly implementation:

function[ ¢, d]=butterfly(a, b, w)
c=atb*w;

d=a-b*w;

return;

Here, sometimeb*w multiplications result is not casted to single ®yrecision is higher than 24 when the
summation is proceed. Therefore only one quantinaticcurs instead of two which is advantageous ftioen
error's point of view, but the question is how wetles this behave imitate a DSP’s behavior. Remdatie
multiplications with the following simple functiathe roundoff error on the output will equal to #eor reached
with the toolboxes:

function xy=mul(x, y)

rel = single(real (x) * real(y));
re2 = single(imag(x) * imag(y));
iml = single(real (x) * imag(y));
im2 = single(imag(x) * real(y));
xy=(rel-re2) +j* (iml+ im2);

With explicit cast operators the growth of the [igEm is avoidable.
B. C/C++ based methods

These methods mean direct calculations which cénsimulate IEEE single precision using the floktss.
Sensitivity to precision cannot be easily invedtga only the error of the given calculation canevaluated.
The first step can be to switch off optimizatiowrfr the C-compiler, but by itself, this is not enbuigp
achieve full control and provide compatibility toher methods. C/C++ can not handle complex numbgrs
default, so a struct or a class has to be impleederwe used C++ so we implemented @unplex class to

perform FFT-s. An important part of the class isteaded multiplication operator:

Complex Complex: :operator* (const Complex& complex)

Complex(re* complex.re- im* complex.im, re* complex.im+ im* complex.re);
}
At first sight it is easy to create this class due to optimizations during compilation precisiomgth may
appear in calculations which affects on the rouhdafor. To keep the precision’s value 24 in evepgration
the following modifications are needed:

Complex Complex: : operator* (const Complex& complex)

{

float rel, re2, iml, im2;

rel = re* complex.re

re2 = im* complex.im;

iml = re* complex.im;

im2 = im* complex.re;

return Complex(rel - re2, iml + im2);
}

This is very similar to the solution used in Mattabavoid the increase of the precision. To vettify simulation
results the same input was created in C++ and Wiattee same FFT algorithms were performed, ancttias
were compared. We found that despite all the thgliqureparations, the error was not the same itvtbecases.
The difference is caused by a deviatio'®value, and by the trigonometric functions. Isigprising that even

375



17" Symposium IMEKO TC 4,8 Symposium IMEKO TC 19 and f9WADC Workshop
Instrumentation for the ICT Era
Sept. 8-10, 2010, Kosice, Slovakia

exportingn from Matlab in 16-digit number, and importing te-€ the result is not the same. The reason is the
difficulties of implementation import of digital mbers to binary. Furthermore, in Matlab the comptants of

the unity can be created easily thanks to handlorgplex numberEW,'ﬁ =exp(j2rxk/ N). In C/C++, theexp()

function is unable to handle a complex parametemvs have to construct an object from cl@ssnplex with
parameterscos@rix k/ N), sin(2rtx k/ N). About trigonometric functions the IEEE standardyasays that the

deviation from the exact value must not be largpantl LSB, the direction of the deviation is nofinkd. So
there is no guarantee thabmplex object constructed witltos@rix k/ N), sin(2rix k/ N) parameters will equal

bit by bit tosingle objects in Matlab constructed with thep() function. To avoid the difference caused by the
trigonometric functions both the sine input and doenplex roots of unity were created in Matlab,ntlsaved

into a binary file. The C++ program opened thie fdnd read the needed values, and then the FFT was
performed. These preparations were enough to gesame roundoff errors on DSP, DSP simulator artidn
C++ program. So the same result was reached idifferent ways which we think is a good result hesmavery
different platforms were used during the examimatio

I11. Examination results

A. TheFast Fourier transform

The examination of the roundoff error will be iltteted in the case of Fast Fourier transform sageghortly
sum up the most important properties of this athami It produces the discrete Fourier transforna gmpled
digital signal much faster than the original DFgaithm: instead ofN? it needs onlyN*log,(N) complex
additions/multiplications (wherdl is the number of samples). In this paper the r@dBET will be discussed
which means thalN must be the power of two. The FFT reaches its iyphiy rearranging the samples and
producing arN point DFT from two,N/2 point DFT-s. The radix-2 type of the FFT canddéided into two
groups: Decimation In Time (DIT) and DecimationArequency (DIF). The difference between them isvihg
how the samples are rearranged. The roundoff ewitiree examined in the case of radix-2 FFT DIT.

Figure 1 shows the basis of the FFT, which is theadled butterfly. A butterfly has two complex g, and
produces two complex outputs after a multiplicatéma summation.

2(j) o—n3 > X () X(j) = x(i) — WEx(j)

Figure 1. The butterfly and its functionality.
Figure 2 shows the flowchart of the FFT, built dfbatterfly elements foN=8. The butterflies are arranged into
columns, and these columns are also called astalgesof the FFT. The number of the stages foN gwint
FFT is log(N).
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x(k +0) - - X(0)
s T " \ / _ \/ Wg >'<:X(4)
fk+2) L NN/ m XX X(2)
s g W W N w2 >< il
S i Vs . = - - % X (1)
:»(k +5) F W / i \/ Wy ><_1 X(5)
x(k +6) v/ /\\} W{ ><><_:1 % X(3)
AT . / \} A \_T e ><_X(7)

Figure 2. The flowchart of the FFT fbi=8.
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It is interesting that the output of the FFT is mothe correct order, so it has to be rearranged.original order
of the output is the so-called bit reversed ortles, means that writing the indices in binary foamd reading
them from the right to the left will give the cocténdex of each output.

B. |IEEE 754 single precision number for mat

In the examinations we analyze the roundoff erfothe Fast Fourier transform with IEEE single pséa
numbers. The IEEE 754 standard specifies two tgpeingle format floating point numbers: the origlisingle
precision and the extended single precision. Aginai single precision number is four bytes lonpeve 23 bits
represent the mantissa, 8 bits represent the erpanel one bit is the sign of the number. Due todaen bit
(the leading bit 1) the precision is 24. Extendadjle precision numbers are not specified as exaxdl the
original ones. The standard says that they cortiieast 43 bits, where the mantissa is at leait32ong, and
the exponent is larger then 10 bits. If two singlecision numbers are multiplied in a PC, thanrdsailt can be
precisely represented in the 80 bits long accuroul&ut when the same operation is performed orSR there
is no guarantee that an 80 bits long accumulatavadlable, so that's why the extended precisiamzortant.

C. Examination properties

We will look beyond the noise model: investigate roundoff errors whiekiate from noise. The examinations
are built up of simulations. The roundoff errortbé Fast Fourier transform is analyzed for a ctéae wave
input, because it has a rather regular pattermgreditg to [3] in this case for fixed-point the raloff error is
expectable to deviate from noise, so we investidyéte behavior also for floating-point arithmetithe basic
input signal isx[k] =sin(2rtx k /8) , and the sampling frequency is slightly shifteahfrcoherence. The amount
of the frequency shift is given in binx[k] =sin(2rtx (k + Ak)/8) . For example, ifN=1024 point FFT is
executed and the basic input signal's frequencyshsited by d=5 bin %, then the input will be
x[k] = sin2r= k x (12805/1024) instead of the originak[k| = sin(2mx k /8) = sin(2rx k x (.28/1024) where
d=0 bin %.

First the input is represented with single precishmmbers, and the FFT is performed with singlesipren.

Then the input is casted to double precision, &edésult of a double precision FFT is consideetha correct
(reference) result. The error is stored intthector, wheré is:

h=absKaoubie Xsingid 1)

In the equationXyoune aNdXsingle are the complex outputs of double and single pregiFFT-s, respectively.

As it was mentioned earlier we analyzed the errpditern and size for a clean sine wave input when
sampling is almost coherent. The deviation fromdbberent sampling (also called as frequency sisiftven
in bin percent. The basic input signal where theqgdiency shift is 0 bin % is<[k]=sin(2n>< k/8).In the

simulations N=1024 point FFT-s were executed, so the basic inman be written as
x|k] =sin(@nxkx128/1024. Now, if the frequency is shifted wittd bin %, then the input is

x[k| =sin@nxkx 128+ d)/1024.
D. New resultsfor a clear sinewave

First we studied the pattern of the error for thEk]:sin(ZT[x k/8) input and found that the error is

concentrated in four peaks so the pattern is totdifferent from our expectations based on the enaiwodel
assumption of quantization. Next we checked théepabf the error for almost coherently samplecd sirave.
Figure 3 shows the error on many different freqyesitift values. Variablé is the index of simulations, the
value of the frequency shift can be ascertainedgusie formula at the left bottom for each simwaation small
(almost 0) deviations the pattern is very reguks.the frequency shift increases the error appearsnore
outputs and sometimes the error peaks are unexihedtigh. Unfortunately these high peaks can beafaay
from the sine wave’s frequency, so they may beidensd as a small sine wave (See Figure 4 and &igjurlf
we compare Fig. 4 to Fig. 5 it is easy to seeith#te single precision case due to roundoff erasegind k=400
and k=600 peaks are above -80 dB although the dquiaicision result shows that these peaks shoulchber
-100 dB.
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Figure 3. Error’s pattern on different frequenbyftsvalues.
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Figure 5. Double precision FFT output.
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E. Comparing resultswith result assuming the noise model of quantization

The previous results show that in the case of alncosierent clean sine wave input the noise model
assumption of roundoff is misleading. The elemagntaundoff errors accumulate at some of the outgots
surprisingly high error peaks appear. Many simatatiwere run to measure the highest error peakn Vi
compared these results with results assuming tise moodel of quantization. Thanks to a very uséfature of
Roundoff toolbox in Matlab every rounding operatiar example after a multiplication or additionarc be
replaced with adding independent white noise toetkact value. This way our results can be comparitd
results assuming the noise model. A floating paimnber’s variance is about vaj{= 0.1802"-var{x}, with p
the precision and the signal [1]. The absolute value of the Fastrieod ransform’s roundoff error is Rayleigh
distributed. Let us find the value for which the probability is 99.9% that every pestkthe roundoff error is
smaller tharX. In the case d=1024 point FFT this means that only one error pea@xpected to be larger than
the X value. ThisX value can be seen in Fig. 6 as the horizontal line
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Figure 6. Maximum value of error peaks comparetth Wie estimated value using the noise model afidotf

In a very unfortunate situation 15 dB loss in thar#ous-free dynamic range can be experienced wbhmpared
to the noise model. It is important to notice tha reason for the high peaks is “embedded” into RRT
algorithm; it is not the explicit cast operatorstire code used to avoid precision growth which gaeehigh
error peaks. Simulations were also run withoutingsand the found reduction in the error's maximwas
about 80% of the original value.

A last question is whether this case happens \agly or not? Attempted but not perfect settindrafmonic
sampling to good SNR signals is just the case wesianulating here. Thus, this is a practical case.

IV. Conclusions

In the paper we summarized and analyzed six differeethods to examine the roundoff error of the MkEh
single precision number representation. We managetbtain exactly the same results for all 6 meghddche
advantage of Matlab based methods is that compilewrbers are handled. However, for us it was also a
disadvantage because it was harder to examine mapgiens during the calculations. In C/C++ although
have to implement the handling of complex valukanks to the compiler’s optimizations we don’t kneither
what really happens. Fortunately with forced casithis problem can be managed relatively easiwdver we
don't think that this coding style is popular innooete applications. Anyway, it is a reassuring that the same
errors can be produced with six different methdd®ther conclusion is that for noiseless sine wianpeit the
roundoff error can behave irregularly, and highksemay appear far away from the sine’s frequendys T
means that the output of the FFT should be usdtseitne extra care.
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