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Abstract. Accuracy measures of open circuit transfer functions of the arbitrary variable arm resistances 
of the bridge supplied by current or voltage, are presented. It includes the singular form of these 
measures introduced before in [1], [6] and also the new double form approach. Equations for measures 
of unbalanced bridges of equal arm resistances in balance and with sensors of variable resistances in 
four arms, in two arms or in one arm are given in Table 3. Some conclusions are formulated.  
 

Introduction 
 

The generalized accuracy description of the 4R bridge of arbitrary variable arm resistances was not 
existing in the literature,  but is urgently needed mainly for:  

- initial conditioning circuits of analogue signals from the broadly variable immittance sensor sets,  
- identification of the changes of several internal parameters of the equivalent circuit of the object 

working as twoport X, when it is measured from its terminals for testing and diagnostic.  
Near the bridge balance state, application of relative errors or uncertainties is useless as they are rising 
to  ± ∞. In [1], [6] this obstacle was bypassed by relating the absolute value of any bridge accuracy 
measure to the initial sensitivity of the current to voltage or voltage to voltage bridge transfer function. 
These sensitivities are valuable reference parameters as they do not change within the range of the 
bridge imbalance. In this paper the new double component approach to describing the bridge accuracy 
is developed. It has the form of sum of initial stage and of bridge imbalance accuracy measures. It is 
similar method of describing accuracy as is commonly used for digital voltmeters. Relation of each 
components to accuracy measures of all bridge arm resistances have been developed.  
 

Basic formulas of  bridge transfer functions 
 

Four resistance (4R) bridge circuit with terminals ABCD working as passive twoport of variable 
internal resistances R1 – R4  is shown on Fig 1. 

 
 

Fig 1 Four arms bridge as the unloaded twoport of type X 
 with the voltage or current supply source branch. 

 

Commonly the bridge is supplied by current IAB→J=const., RG→∞ or by voltage UAB =const., RG=0 and 
its output CD is unloaded, i.e.: RL → ∞, ∞→ DCDC UU ' . Formulas  of  ∞

DCU  are given in table 1: 
 

 Table 1   Open circuit bridge voltage and its transfer functions 
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where:  IAB, UAB - current or voltage on bridge supply terminals A B,  ( )iiiii εRRRR +≡+≡ 1∆ 00
 - arm 

resistance of initial value Ri0 and absolute ∆Ri and relative εi increments;  r21, k21 – current to voltage 
and voltage bridge transfer functions of the open-circuited output;   
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( )iεf , ( )iεEf  - normalized imbalance functions of r21 and of  k21. 
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Output voltage UDC may change its sign for some set of arm resistances. If transfer function r21= 0  or 
k12= 0, the bridge is in balance and its conditions are the same: R1R3=R2R4. The bridge balance can 
occurs for many combinations of Ri, but the basic balance state is defined for all εi= 0, i.e. when:  

40203010 RRRR =           (5) 
 

Formulas of the bridge terminal parameters are simplified by referencing all resistances to their initial 
values in the balance, i.e. Ri=Ri0(1+εi) and referencing initial resistances Ri0 to one of the first arm, i.e.: 
R20≡mR10, R40≡nR10 and from (3) R30=mnR10. Both transfer functions can be normalized as in Table 1. 

 
Accuracy description of broadly variable resistances 

 

The accuracy of measurements depends on structure of the instrumentation circuit, values and 
accuracy of its elements and on various environmental influences of natural conditions and of the 
neighboring equipment. Two type of problems have been met in practice: 
- description of circuits and measurement equipment by instantaneous and limited values of systematic 

and random errors, absolute or related ones, as well by statistical measures of that errors, 
- estimation of the measurement result uncertainty, mainly by methods recommended by guide GUM. 

Measures of accuracy (errors, uncertainty) of the single value of circuit parameter are expressed 
by numbers, of variable parameter - by functions. The measures of broadly variable resistance Ri, e.g. 
of the stress or of the temperature sensors, could be expressed for two their output components: for its 
initial value and for its increment as it is shown in table 2.  

 

Table  2. Accuracy measures of the two component formula of sensor resistance  
Sensor resistance Ri Ri=R i 0 (1+εi)   if εi > -1 
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Statistical measure standard deviation of 
δR (for random errors or uncertainty)  
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 where:   0iδ , iεδ – standard measures of initial value Ri0 and 
of increment εi,      1)1...0...( +−⊂ik  – correlation coefficient 
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Instantaneous absolute error ∆Ri and its relative value δRi referenced to Ri are given by formulas  (6) and 
(7), relative limited error  | δRi | of the poorest case of values and signs of 0iδ  and iε∆ or iεδ – by 

(8), and standard statistical measure iRδ for random errors or uncertainties - by (9). 
 If errors of increment and of initial value of resistance are statistically independent then correlation 
coefficient ki = 0, but if they are strictly related each to the other then ki = ± 1. Exact ki value can only 
be find experimentally. From (8) follows that borders of the worse cases iRδ±  of possible values of 

iRδ  nonlinearly dependent on εi even if 0iδ  and iε∆ or iεδ  are constant [1], [6].  

Distribution of the initial values and relative increments εi of the sensors’ set resistances depends on 
their data obtained in the production process and its actual values on the environmental conditions.  
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Accuracy description of bridge transfer functions r 21 and k21 
 

Instantaneous values of measurement errors of bridge transfer functions r21 and k21 result from the 
total differential of analytical equations (3) and (4)  from Table 1.  

After ordering all components of δRi absolute error of transfer function r21 is: 
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when j=3,4,1,2;  - multiplier (-1)i+1=+1 if i is 1, 3 or –1 if i is 2, 4. 
 

 

If resistances are expressed as Ri =Ri0 (1+εi), Rj =Rj0 (1+εj) formula (10) is 
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Absolute error of transfer function k21  has other forms, i.e.: 
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From (10) and (11) one could see that if errors δRi of the neighboring bridge arms have the same sign 
they partly compensate each other.  
If errors iRδ  of resistances Ri are expressed, as in (7), by their initial errors δi 0 and incremental  errors 

δiε , then  
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If arm resistance Ri is constant, εi = 0, δRi = δi0, but weight coefficient wRi of its component in ∆ r21 still 
depends on other arm increments εj. In initial balance state, i.e. when all arm increments εj = 0, the 
nominal transfer function r21(0) ≡ r210 = 0, but real resistances Ri  have some initial errors δi0 and 
usually ∆r210 ≠ 0, ∆k210 ≠ 0 

2100021 δtr =∆            (13a) 
 

2100021 δkk =∆            (13b) 
where: 40302010021 δδδδδ −+−=  
 

Relative errors are preferable in measurement practice, but it is not possible to use them for transfer 
functions near the bridge balance as the ratio of absolute error ∆r21→∆r210 ≠ 0 and the nominal 
r21→r210= 0  (or for the voltage supplied bridge of ∆ k21 and k21→ k210= 0) is rising to ± ∞. Then other 
possibilities should be applied. There are two possible ways to describe accuracy of the bridge transfer 
function r21 (or k21) in the form of one or of two related components: 

- absolute error of the bridge transfer function may be referenced to initial sensitivity factor t0 of r21 
(or to k0 of k21) or to the range of transmittance r21max - r21min (or k21max - k21min);   

- initial error ∆r210 have to be subtracted from ∆r21 and then accuracy could be described by two 
separate terms: for zero and for transfer function increment, as it is common for digital 
instrumentation. 

In the first type method it is preferable if error ∆ r21 is referenced to the initial sensitivity factor t0 as 
constant for each bridge, then to full range of r21 as it could be change. Such relative error δr21 could be 
presented as sum:  
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where: δ210 = δ10 - δ210 +δ30 – δ40 – initial (or zero) relative error of r21=0;  δr21ε (εi) –relative error of 
normalized  imbalance function f (εi) when r21≠ 0, also referenced to t0. 
 

Error δ210 is similar for any mode of the supply source equivalent circuit of the bridge as twoport.  
Zero of the bridge may be corrected on different ways: by adjustment of the bridge resistances, by the 
opposite voltage on output or by the digital correction of converted output signal. In such cases from 
(14) it is 
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From (15) follows that related to t0 error δr21ε of r21 increment depends not only on increment errors δεi 
of resistances Ri  but also on their initial errors δi0 ≠ 0 even when initial error of the whole bridge 
δ210=0, because after (12a) weight coefficients of δi0 in (15) depends on εi. The component of particular 
error δi0 despairs only when δi0=0. Functions of ∆εi or δεi may be approximated for some εi intervals by 
constant values.  

  

 In the second type method absolute error of transfer function r21 after subtracting its initial value 
in (12) is 
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And after referenced this difference of errors to r21, and substitution wRi from (12a)  
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Weight coefficients (17a,b) are finite for any value of r21 including r21= 0, if all εi → 0 also ∆L→ 0.  
Error δr21r  is equivalent to error  δεi of the resistance Ri increment εi in formula (7). 
 From ( 13a ), (17 ) for r21 and from (13b) by the same way for k21 is: 
 

     ∆ r21 = t0 δ210 + r21 δr21r    (18a) 
 

∆k21 = k0 δ210 + k21 δk21k     (18b) 
where:  t0 δ 210 = ∆ r210 , k0 δ 210 = ∆ k210 – absolute errors of initial value r21 or k21  e.g. r210 = 0 or k210= 0 

       δr21r,     δk21k    - related errors of  increments r21 - r210  or  k21 - k210  from the initial stage. 

Actual values of instantaneous errors of r21 or k21 could be calculated only if signs and values of errors 
of all resistances are known. In reality it happens very rare. More frequently are used their limited 
systematic errors (of the worst case) and statistical standard deviation measures. Formulas of this 
accuracy measures of r21 or k21 could be obtained after transformation of error formulas (10) – (18a,b). 
All these accuracy measures is possible to find in one component or two component forms. One 
component formulas for arbitrary and main particular cases of 4R bridge are given in tables in [1], [6]. 
The two-component method of the bridge transfer function r21 accuracy representation, separately for its 
initial value (eg. equal to zero) and for increment is similar like unified one used for digital instruments 
and of the broad range sensor transmitters. It is especially valuable if zero of the measurement track is 
set handily or automatically. Absolute measures could be transformed also by the sensor set linear or 
nonlinear function to the units of any particular measurand, e.g. in the case of platinum sensors - to 0C.  
 

Accuracy description of mostly used 4R sensor bridges  
 

In the measurement practice the mostly used for sensors are four-arm bridges of resistances Ri0 equal in 
the initial balance state. Formulas of accuracy measures for transfer functions r21 and k21 of these 
particular bridges are much simpler then general ones [1], [6]. They are presented below in Table 3. 
The transfer function r21 or k21 of the bridge including differential sensors of four or two relative 
increments ±ε and transfer function r21 of two equal ε in opposite arms may be linear but their measures 
depend on ε by different way each other. The single sensor bridge is less nonlinear for current supply. 
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Table 3 Accuracy measures of open-circuit 4R sensor bridges of arm resistances equal in balance.  
Accuracy measures of bridge transfer functions 

No 
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 From Table 3 it is possible to compare the accuracy measure formulas of the current or voltage 
supplied 4R bridges of few variable elements sensor and of single element sensors. For example 
formulas of accuracy measures of similarly variable two opposite arm resistances are simpler then for 
the single variable arm. For small values of ε it is possible also to approximate last nonlinear formulas 
by polynomial of the first or higher order. 
 

General conclusions 
 

Two methods of describing accuracy measures of unbalanced bridges are presented and  compared, i.e.: 
-  one component accuracy measures related to initial sensitivity of the bridge transfer functions [1],[6]  
-  the double component one of separately defined measures for zero and transfer function increment.  
The second one simplifies the accuracy description and is similar as used for the broad range 
instruments, e.g. digital voltmeters. As accuracy measures of bridge arms are defined for initial 
resistances and for their increments, then they are independent from the sensor characteristic.  

This methods are discussed using on few examples of 4R bridges of equal initial resistances, 
supplied by current or voltage source and with single, double and four element sensors.  

Given formulas allow to find accuracy of the 4R bridge or uncertainty of measurements with  
bridge circuits if  actual or limited values of errors or standard statistical measure of their resistances 
and sensors are known. For set of bridges in production or in application the systematic errors could be 
calculated also as random ones and if correlation coefficients are small enough obtained values are 
smaller than of the worst case of limited errors.  

The good example of the broadly variable resistance are platinum temperature sensors Pt of A and 
B classes commonly used in industrial measurements. Tolerated differences from nominal 
characteristic are given in standard EN 60751÷A2 1997. Accuracy of 4R bridges with industrial 
Platinum sensors has been analyzed in [6] and more in detail including double-component method in 
[7]. Met in practice internal or external zero adjustment, negligible arm errors and calibration of the 
initial resistance are also considered. Single-component method was also used to describe accuracy of 
two-parameter measurements by cascade and unconventional double-current supplied bridges [3-5]. 

Similar formulas as presented for resistance four-arm bridges in [1], [4], [6], [7] and above could 
be formulated for any types of impedance sensor circuits as DC and AC passive and active bridge, also 
linearized by feedback or by  multipliers, NASA Anderson loop and impedance converters with virtual 
DSP processing. Both methods may be also useful for accuracy evaluation in testing any circuit from 
its terminals as twoport, which is commonly used in diagnostics and in impedance tomography.  

Double-component accuracy measures are invented also specially for describing unconventional 
AC double-current supply bridges just developed by the second author for doctor thesis supported by 
the ‘habilitation grant’ of Polish Ministry of Science and by project no S/WE/3/08 of TU Bialystok. 
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