Nonlinear system identification by means of SVMs: choice of excitation signals
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Abstract-In this work we discuss the application of Suppdector Machines to the problem of
identifying a specific class of nonlinear systememely Wiener-Hammerstein systems. Only based on
a set of Input/Output measurements, a model ist Ihdlt approximates well the behavior of the
considered system. However, care should be takeenwdesigning suitable excitations, as the
performance of the proposed approach turns ouetquite sensitive to the nature of the input signal
This sensitivity is studied here by using severhdets, characterised by different excitationagn

in terms of root mean square value, frequency bspeltrum shape and amplitude distribution.

I. Introduction

Nonlinear identification represents an essential in engineering, since it permits to describe the
behavior of most real-life systems, both for cohaplications and for extracting a model that ban
used to simulate the system under test. Here wk wi#a the identification of a specific class of
systems, namely Wiener-Hammerstein systems. Widaemmerstein systems are nonlinear systems
characterized by a well defined structure: a casazdtwo linear dynamic blocks;&nd G with a
static nonlinearity sandwiched in between, as degi Fig.1.
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Fig.1 General block structure of a Wiener-Hammanstgstem

The problem of identifying Wiener-Hammerstein sysiehas already been addressed in the literature,
for example in [1] and [2].

Here instead we deal with the application of a Wetbwn example of learning-from-examples
algorithms, namely Support Vector Machines for Region (SVRs), which provide a sound
theoretical background, and have already shown geoyg performance in many applications [3], [4].
An important aspect that needs to be thoroughlgudised concerns the choice of the excitations in
input to the system: we will show how the perforecmmf an SVR model can be dependent on the
specific kind of excitation signal. In particulave will consider several datasets, built employimaut
signals of different nature, in order to study semsitivity of SVR models to relevant propertiestod
chosen excitations.

This work is structured as follows: next sectiomefly presents the theory of SVRs applied to the
problem of identifying nonlinear systems, while &a&t Il describes more in details the methodology,
with particular emphasis on the characteristicthefchosen excitation signals. Simulation resuts f
the different cases are discussed in Section IWesfinal comments conclude the paper in Section V.

I1. Support Vector Machinesfor system identification

SVRs, as other learning-from-examples algorithrme, lzased on a very simple principle: once you
have collected a set of Input/Output measuren@:lt{ili,yi}i“:1 a training phase is performed aimed

at extracting all useful information from the aghile data. Thus, an estimating functibéfu;) is built

that approximates the input-output relationshiplidvang the standard -SVR approach, errors are
penalised, in a linear way, only outside a so-dalfesensitive zone, whose width is indicatedehy
while deviations smaller thanare considered to be negligible [3]. The cost fiancis then defined by



summing up all error contributions, and by takintpiaccount a term describing the smoothness of the
function.

This formulation of the SVR algorithm results irettlefinition of a constrained quadratic optimizatio
problem where the function to be minimized turns tmube convex, therefore avoiding local minima
problems (something that instead hampers othenigobs, e.g. Artificial Neural Networks.)

The obtained SVR estimating function is the follogui

f(u,B) =) Bk(uu)+b
Y
Notice that not all the samples used during thanitrg give a positive contribution, instead only a
subset of the original dataset (the Support Veaigris used for building the model [3]. Furthermore,
suitable kernel functions are introduced in oraed¢al with the nonlinear case. Here we will coesid
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the Gaussian kernel, expressedkds; ,u) = e M= 4.

The performance of the SVR function depends onrabeu of parameters (called hyperparameters)
that need to be tuned in order to get the bestildeswodel. Examples of these hyperparametershare t
width ¢ of the insensitive zone, and parametatharacterizing the Gaussian kernel function. Hase,
optimality criterion, we will consider an accuraiceglex, namely the Root Mean Square Error (RMSE)
of the model with respect to the true output valliee optimal model is then chosen as the one giving
the smallest RMSE in the training phase, and cen the validated on a set of previously unseen
samples.

To explore the hyperparameters space during theelhwelection phase, we decided to exploit a
technique based on Genetic Algorithms, which prewvadfaster and more efficient search tool when
compared with the traditional grid search apprda¢h

[11. Proposed methodology and consider ed excitation signals

As we have seen in the previous section, in gerieeatiata are formed by a vector of featurdhat
characterise the samples, and a lab#at represents the output value. In this workcassider, as
features, the current value of the input signalthef Wiener-Hammerstein system, together with a
number of past input values. This of course doésmaed to be the only choice: recursive models can
be built by introducing also past output valueshia feature vector. However, here we will deal only
with the simple (hon-recursive) case.

A. System

The proposed approach has been applied to a seduaiample of nonlinear system with a Wiener-
Hammerstein structure, as illustrated in Fig.1lpémticular, the two linear dynamic blocks &1d G
were designed as two third order Chebyshev low-plsss, with cut-off frequency equal to 0.11, and
1 dB of peak-to-peak ripple in the passband. Tagcstonlinear block NL was chosen as follows:

q=p+ap’
where the value of coefficient = 005was tuned in order to have 90% of the power orlitigar term
and 10% on the nonlinear term. Notice here thatdter to identify the system, only information abou
input values u and observed output values y is,usiéd no need of having direct access to signals p
and q.

B. Excitation signals

As excitations, we decided to use, for the trairphgse, both a filtered Gaussian noise and a Random
Phase Multisine signal (both made WE4096 samples), the latter characterized by theoviatig
equation:

F
u(t) = > A cosRriokt + gy)
k=1

wherefy = 1/N, t = 1,...,Nand ¢y is uniformly random distributed in [O52[6].

This choice was motivated by the idea of employing signals, both belonging to the class of
Gaussian excitations, but with different propertrethe frequency domain.

For the Random Phase Multisine, we decided to dendiothF=F ;=500 (excited frequencies up to



F, f, =50001/4096= 012) and F=F,=2048 (full multisine, excited frequencies up to
F, [f, =20481/4096= 05). AmplitudesA, were normalized in order to have a root mean sgjuar

value of the signals equal to 1. To get rid of $fant effects in the system response, two periddseo
multisines were generated, but only the second wees taken to build the datasets.

The second kind of excitation was generated bgrfily a white Gaussian noise sequence by means of
a Butterworth filter with cut-off frequency equad t0.7 Cff ., ., where f ., =F, ¥, indicates the

maximum frequency excited by the first multisinesiolered above. The signal was then normalized in
order to have the same power of the multisines.
In all cases the feature vectowas built asu(t),u(t -1),...,u(t —d +1) with d = 64, given that, after

64 samples, the impulse response of the systemméole is 1/1000 of the maximum value. The three
considered SVR models show a number a Support ¥eittdhe order oiN/2.

For the final validation of the three SVR modelbtéined with the three excitations described ahove)
we employed several examples of excitation sign@sRkandom Phase Multisines characterised by
different frequency band (excited lines up to 003, or 0.5), different root mean square value &qu
to 0.5, 0.8, 1, 1.2, 2); (ii) Gaussian noise fdwith Butterworth filters of order 2 or 10; (iiiniform
noise characterised by different root mean squalgev(equal to 1 or 1.73); (iv) uniform noise fikd
with Butterworth filters of order 2 or 10 (root nmeaquare value equal to 1).

IV. Simulation results and comments

As already mentioned, we performed several simaratiusing different SVR models, and different
validation sets. What we can observe from the tedsla general trend that helps in pointing out
examples of sensitivity to specific propertiestod excitation signals. In the following we will dyse

the influence on the performance of changes in mean square values, frequency band, spectrum
shape or amplitude distribution of the considerzditations. We will also try to provide hints of a
possible explanation for the observed phenomena.

A. Root mean squar e value

Let us consider a model obtained by training an $%tR a multisine of root mean square value equal
to 1 (and frequency range up to 0.12) as excitagignal. We validate this model on several datasets
built using different root mean square values fwe tultisine excitations. Results in terms of the
RMSE and of the relative RMSE (RMSE/RMSY) are giuefable 1.

TRAINING VALIDATION
Type |RMS|RMSE Type RMS | RMSE | RMSE/RMSY
Multisine | 0.5 | 0.0043 0.0100
Multisine | 0.8 | 0.0073 0.0101
Multisine 1 0.0218| Multisine 1 0.0154 0.0164
Multisine | 1.2 | 0.0357 0.0301
Multisine 2 0.4265 0.1638

Table 1. RMSE and relative RMSE results for muieseéxcitations characterised by different root
mean square values (hormalised band-width equal®).

Notice that, for a fair comparison of the accuraeyformance, also results in terms of the relative
RMSE are provided, since we are dealing with déffeies in the root mean square value of the inputs
(and therefore also of the outputs). However, tifilerénce in the performance (very good for small
root mean square values and very bad for big rasamsquare values) is clearly due to something
more than just a scale factor related to differest mean square values. A similar trend is obskrve
when looking at the results in all those cases #h@iform noise excitations (with different root ame
square values) are used for the validation, as showable 2 (further comments on the influence of
changes in the amplitude distribution on the resale given in the last part of this section).

A reasonable explanation for this behavior can dsnd by having a closer look at the three SVR
models obtained in the training phase. They aretaracterised by a very small value (around 0.001)
of coefficienty of the Gaussian kernel, resulting in an estimatimgtion which is almost linear. Since
the considered nonlinear block shows an approxumigtiinear behavior for input values less tham1 i



absolute value, this kind of model will approximatell the behavior of excitations in this range,leh
it will difficultly follow excitations with root man square values larger than 1.

TRAINING VALIDATION

Type | RMS| BW |RMSE| Type | RMS |RMSE| RMSE/RMSY
N Uniform | 1 | 0.0425  0.0992
Multisine \ 1| 012 0.0218—5 0 7773 0131 0.1678
Uniform | 1 | 0.0105 _ 0.0245
Uniform | 1.73 | 0.1350 _ 0.1729
“Uniform | 1 | 0.0307 _ 0.0716
“Uniform | 1.73 | 0.1280 _ 0.1640

Multisine 1 0.5 | 0.012

Gaussian 1 0.09 0.02

Table 2. RMSE and relative RMSE results for unifaraise excitations characterised by different root
mean square values, for the three SVR models (Hmadaband-width for uniform noise equal to 0.5).
For filtered Gaussian noise, the normalised bardthwis the cut-off frequency of the Butterworthefil.

B. Frequency band

To check the influence of frequency band propemieshe performance of the SVR models, we have
taken into account several examples of Random Phagésines, with excited lines covering
increasing frequency ranges, and an example dfrdit Gaussian noise (with frequency band
approximatively as for the first multisine). We dséhese excitation signals during training and
validation phases, keeping the root mean squaresalf the inputs equal to 1. Some of the resuits a
shown in Table 3.

TRAINING VALIDATION
Type BW |RMSE| Type BW |RMSE
Multisine | 0.12| 0.0154
Multisine | 0.3 | 0.0472
| Multisine | 0.5| 0.0424
Gaussian| 0.090.0252
Multisine | 0.12|0.1143
Multisine | 0.3 | 0.0244
Multisine | 0.5 | 0.0126
Gaussian| 0.090.1217

Multisine | 0.12| 0.0214

Multisine | 0.5 | 0.012

Table 3. RMSE results for excitations characterisgdifferent frequency band, for two different SVR
models (all considered signals have root mean squaute equal to 1). For filtered Gaussian nolse, t
normalised band-width is the cut-off frequencytef Butterworth filter.

Here the first aspect to be noticed is that bestlte are obtained when using the same kind of
excitation for both training and validation. Funttiere, the first example of multisine (with band-
width equal to 0.12) and Gaussian noise give motess the same RMSE values. Finally, we observe
that, in the considered example, when training &R $nodel with an excitation characterised by
frequencies in a limited range (multisine with bamdth equal to 0.12), validation results for sina
with a wider band (multisines with band-width eqtml0.3 and 0.5) are worse, but still reasonable.
However, a model trained using a signal with lafggiuency band gives very poor results when
validated on excitations with frequencies in a fedi range. This phenomenon can be interpreted as
follows: the non-negligible contributions at higHezquencies, which inevitably are present in a ehod
trained employing excitations with large band, havédisturbing” effect when validating data in a
limited frequency range; in the opposite situatimstead, a model trained with a signal in a lichite
frequency range will not be able to reproduce doutions at higher frequencies, but will neither
introduce undesired extra information.

However, we should underline the fact that thesesickerations are dependent on the band-width of the
chosen filter @ and that a deeper analysis of this behavior neete performed before we can state
that these conclusions have general validity.

As a final remark, we would like to underline tteetf that in all cases, a uniform noise excitatiatt w
the same root mean square value, and excitedilirte® whole range up to 0.5, gives the same RMSE
results as a multisine with band-width equal to(@&e Table 4 for details).



TRAINING VALIDATION
Type BW |RMSE Type RM SE

.. Multisine | 0.0424
Multisine | 0.12| 0.0218 Uniform 1 0.0425
Multisine | 0.0307|
Uniform | 0.0307
Multisine | 0.0126
Uniform | 0.0105

Multisine | 0.5 | 0.024

Gaussian| 0.090.0121

Table 4. RMSE results for excitations charactertsgdame band-width (equal to 0.5) but different
distribution, for the three SVR models (all cons@&tesignals have root mean square value equal to 1)
For filtered Gaussian noise, the normalised bardthnis the cut-off frequency of the Butterworthefil.

C. Spectrum shape

As introduced in Section Il we decided to use, @fdation sets, data obtained by employing Gaussian
noise sequences and uniform noise sequences aatiexcsignals, filtered with Butterworth filter o
two different orders: a second order filter, whiwhcourse gives contributions at higher frequencies
and a tenth order filter characterised by a muelpsr spectrum. Table 5 summarises the obtained
results. As usual, excitation signals with the saowé mean square values are compared.

Here we see that differences in the shape of tketspn do not influence much the performance
(results corresponding to filter order 2 and 10 amy close). Moreover, excitation signals
characterised by different amplitude distributiobsit with identical spectrum shape, lead to very
similar error values.

TRAINING VALIDATION
filter filter
Type BW order RM SE Type order RM SE

Gaussian 2 0.025
Gaussian 10 0.020
Uniform 2 0.0231
Uniform 10 0.0181
Gaussian 2 0.026
Gaussian 10 0.026
Uniform 2 0.0235
Uniform 10 0.0251

1A°)

[®)

Multisine | 0.12 - 0.0218

1A°)

©

Gaussian| 0.09 2 0.0240

Table 5. RMSE results for excitations characterisgdifferent spectrum shape (i.e. filters of diéfiet
order), for two different SVR models (all consid#dgnals have root mean square value equal to 1).
For filtered Gaussian noise, the normalised bardthwis the cut-off frequency of the Butterworthefil.

D. Amplitude distribution

As a last aspect to be taken into considerationfrigd excitation signals characterised by différen
amplitude distributions. In particular, we genedat@lidation sets taking uniform noise data as inpu
signal, in addition to multisines and Gaussian ex@squences (belonging, as we know, to the same
kind of signals, namely the class of Gaussian atioits). Hence, as mentioned in the previous parts,
we can compare the results obtained with uniforih mmultisine/Gaussian excitations, already shown
in Tables 4 and 5. What really seems to mattentdpman aspects related to changes in the root mean
square values (discussed in the first part ofghigion), is the frequency band of the chosen atimit
signal. Differences in the amplitude distributidnttee input do not influence significantly the acacy
performance. In fact, due to the Central Limit Tien, since @ has a long impulse response, its
output will become Gaussian, even for non-Gaugsiaifiorm in our case) inputs.

In our simulations, as far as Random Phase Mutssiexcitations were concerned, phase variations
(due to different realizations of the multisine&) dot affect much the results.

Finally, despite the differences discussed herellithe considered examples our approach based on
SVRs outperformed the estimate given by the Besedii Approximation (BLA) [6]. Some details



about the compared validation performance are geavin Table 6, while Table 7 summarises the
main results discussed in this section.

TRAINING VALIDATION
filter filter |RMSE|RMSE
Type | BW order RMSE Type BW order | (SVR) | (BLA)
Multisine | 0.12 - 0.0154| 0.0831
Multisine| 0.12 - 0.0218| Gaussian| 0.9 2 0.0252 0.0762
Gaussian| 0.9 10 | 0.02030.0839
Multisine | 0.12 - 0.0326| 0.0831
Gaussian 0.09 2 0.0240| Gaussian| 0.9 2 0.0262 0.0762
Gaussian| 0.9 10 | 0.02690.0839

Table 6. RMSE results for different excitationsabéd by the SVR-based approach and by the BLA,
for two different SVR models.

very low sensitivity if RMS < RMQining
high sensitivity if RMS > RM&iining
low sensitivity if B > Braining

Root mean squar e value

Frequency band high sensitivity if B < Baining
Spectrum shape low sensitivity
Amplitude distribution very low sensitivity

Table 7. Sensitivity of SVR accuracy performancedme properties of the excitation signals.
"Considerations about the frequency band of theatians depend on the band-width of the system.

V. Conclusions

In this work we have discussed the application 8RS for the identification of an interesting exampl
of nonlinear systems, namely Wiener-Hammersteiriegys. We have focused in particular on the
critical task of choosing suitable input signalspwing the impact of changes in specific properties
the excitations on the performance of SVR model®e dbtained results confirmed our intuition that
care needs to be taken in order to design an apategxcitation signal. More in details, validatio
results in the example of the considered WienerdiHarstein system seem to be quite sensitive to
changes in root mean square values (for root mgagrs values bigger than in training) and frequency
band (especially for signals with a band narrowemtin training). Instead, variations of spectrum
shape, amplitude distribution and phase of theasign not affect the performance significantly. The
lesson learned can be summarised as follows: whksigring an excitation to be used for training a
nonlinear SVR model, it is better to keep the nmatan square value not too small, and a frequency
band quite narrow. Of course, if any informatioroatbthe validation data is availabée priori, it
should be used in order to design an appropriatiéation. In any case, deeper theoretical anabsts
extensive simulations are needed for a satisfyiatidation of the above conclusions, so deriving
design rules useful for SVM based system identifica
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