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Summary

In this paper, we investigate problems of D/A converters with
non-uniformly sampled input data, and/or time-varying clock
sources. The input digital data (which are stored in the
memory to be read out and sent to a D/A converter) were
obtained by sampling an analog waveform at non-uniform
sampling intervals. (Quantization of data can also be
considered as a form of non-uniform sampling.) Recently,
there is available a new clocking system with a very finetime
resolution and is capable of adjusting the clock period in a
sample-to-sample basis. It is, therefore, interesting to
consider the following question. “Given that the timing
offset of each data sample is known, would it be beneficial
to use this offset to adjust the read-out timing of the D/A
converter?” To answer this question, we consider the
following five different models: f,(t) = 2, x(nT)g(t-nT), fa(t)
= 2y X(t)g(t-nT), fa(t) = 2 x(nT)g(t-t,), fat) = Zn x(t)g(t-
t,), and f5(t) = 2, X(t,)gn(t- t,) where x(.) is the input analog
signal, g(.) is the basic output pulse waveform of the D/A
converter, T is the nominal sampling period and t, is the n-th
sampling time instance (for uniform sampling t,=nT). Closed
form expressions for the Fourier transform of the output
signals for each model are derived. We also discuss some
potential practical applications. Key Words: D/A
Converters, Non-uniform Sampling, Fourier Spectrum.

1. Introduction

A typical model for the operation of a digital to analog (D/A)
conversion is shown in Figure 1.

Ml T 9 [y = Zaxn]gt-nT)

T=1/4
Figure 1

Where {x[n]} is a sequence of digital numbers (digital
signal), fs is the clock frequency, and g(t) is a basic pulse
waveform determined by the D/A converter. At each clock
tick, the converter outputs a basic pulse waveform multiplied
by the input digital signal. For example, at t=0, the converter
outputs X[ Q] g(t), and at t = KT, the converter outputs x[ k] g(t-
KT), where T=1/ f is the clock period. It is clear that the
output waveform y(t) is given by X', x[n] g(t-nT). The output
waveforms of a traditional D/A converter with two simple
basic pulse waveforms, g(t), and uniform sampled digital data
are shown in Figure 2.
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The mathematical model for this kind of standard D/A
operation is given by

fi(t) = 2, x(nT)g(t-nT) D
The term x(nT) indicates that the digital data, x[n], iscoming
from uniform sampling of a continuous time signal x(t) with
the sampling period T. The term g(t-nT) indicates that the
D/A clock is of constant frequency, and taking digital data at
aregular timeinterval T. If the digital datax[n] are obtained
from non-uniformly sampling the continuous time signal x(t)
, then the model is[2]

fao(t) = 20 X(t)g(t-nT) @)
where t, are actual sampling time instances. If the D/A clock
period can change from sample to sample, then the model of
the output signal with uniformly sampled datais given by [3]

fa(t) = 2 x(NT)g(t-tr) (€)
If the digital data x[n] are obtained from non-uniformly
sampling the continuous time signal x(t) and that the D/A
clock are adjusted to match the corresponding sampling time
instances, then the model becomes [2]

f4(t) = En X(tn)g(t' tn) (4)
Finally, the most general model is
fS(t) = En X(tn)gn(t' tn) (5)

Noticed that in this model, the basic output pulse waveforms,
On(.), are changing from sample to sample. Equations (5)
models the output signal of a D/A converter with
conventional zeroth-order hold circuit with non-uniform
sampled data and a time varying clock. Two possible D/A
converter output waveforms are sketched in Figure 3 (a)-(b).
Equation (3) or (4) can be used to model Figure 3(a), and
Figure 3(b) can be modeled by Equation (5).
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Figure3
For all models considered in this paper, the non-uniform
timing instance is assumed to have a periodic structure with
the period M, That is
t,=nT+ 4, (6)
where T is the nominal clocking (or sampling) period, and 4,
is a periodic sequence with period M. This model covers
many practical situations and its motivation was discussed in
detail in[1] and[2]. Letn= kM + m, then
th= (kM + mT+ Agem = KMT + mT + 4,
= kMT + mT + rp,,T (7
wherer, = A, /T is the timing offset measured in percentage
of the nominal sampling period.

Fourier spectrum of traditional D/A outputs

With the output waveform f;(t) = 2, x(nT)g(t-nT) as shown in
Equation (1) we have the Fourier transform, F,(£2), of fi(t ),
given by
Fi(«2) = /f(t)e’? dt = /[ 5, x(nT)g(t-nT)] &' dt

= G(Q) [ 5 x(nT) "™

= G(X(€27) ®
Where X(£2T) is the discrete time Fourier transform (DTFT),
X(w), of {x[n]} evaluated at =T, and G(£) is the Fourier
transform of g(t). A typica plot of X(£27), G(¢«2), and
F.(£2)are shown below in Figure 4. Usually, one uses an
analog filter, after the D/A converter, to remove the energy
beyond half of the sampling frequency.
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Here, we are interested in how much attenuation G(£2) can
achieve for frequencies above the sampling frequency for the
two cases mentioned earlier. For the zeroth-order hold pulse
waveform, the G(¢2) is given by

T[Sn (2T/2) / (2T /2)] 9)
and for the linear interpolation pulse waveform, the
G(£) isgiven by

T2[Sin (€2T/2) 1 (2T /2)] 2 (10)
In the following figure (Figure 5), we plot Equation (9) (we
normalized the sampling frequency to be one, and hence
T=1) in dB versus frequency.

Attenuation for zeroth-order hold pulse waveform
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It is seen that, for the zeroth-order hold pulse waveform, the
signal at 40% of the sampling frequency will suffer about —
2.42dB attenuation. For the signal at 60% of the sampling
frequency (which corresponds to the first image of the
original signal at 40% of the sampling frequency), we will
have only about -5.95 dB attenuation. At 90% of the
sampling frequency (which corresponds to the first image of
the original signal at 10% of the sampling frequency), we will
have about -20 dB attenuation. At 99% of the sampling
frequency (which corresponds to first image of the original
signal at 1% of the sampling frequency), we will achieve
about 40 dB attenuation; For the linear interpolation pulse
waveform, the amount of attenuation is twice that of the one
shown in Figure 5, because equation (10) is the sguare of
equation (9). That is, the signal at 40% of the sampling
frequency will suffer about —4.84 dB attenuation. For signal
at 60% of the sampling frequency, we will have about —-11.9
dB attenuation. At 90% of the sampling frequency, we will
have about -40 dB attenuation. At 99% of the sampling
frequency,we will achieve about -80 dB attenuation.

Fourier spectrum of D/A outputs with non-
uniformly sampled input signal [2]

If the input digital data x[n] are obtained by non-uniformly
sampling a continuous time signal x(t), then the output
waveform fy(t) is given by Equation (2), and we have the
Fourier transform, F,(£2), of f,(t) given by
Fu(2 ) = [Rt)e??dt = /[ x(t,)gt-nT)] e dt
= /[ Zeomay Sk XKMT+mT+r, T)g(t-kMT-mT)] e dt
= G(Q[Zeoma Sk XKMT+mT+r,, T) g3 ¥ g7y
= G(Q) Zeom [(1/27) [X(@) &I 5 Mo MT g
exp(jornT)]
By applying the following identity [4]

5 MM = (OIMTY 55 S(w—-2+K(Q2 AMT) (11)



we have
Fa(£2) = G(Q)(llMT)ZnFO,(M—l)Ek X(Q'k[ 272IMT])
exp(ir m/<AT-k{ 27dM})) k™M)
= G(Q)(UT) 2k Ae( ) X(£2-K[24MT] ) (12)
where
Poi(£2) = (M) Zeo (-0 @40 /€AT-K{ 22IM}))e? ™ (13)

Equations (12) and (13) completely characterize the Fourier
transform F,(£2). It is noted that Ay(¢2) is afunction of both
kand Q. If x(t) isasinusoidal exp(j£2.t), which has a Fourier
transform X(¢2) = 276(¢2-€2,). Then, Equation (12) becomes

Fo(£2) = G(Q)(UT) 2k Ao (227X €2-2,~ K[ 24MT])
=GN 22T+ K 24MT] )2728(€2-2,— K[ 272IMT] )
where
Ao (£2T+K[22IMT] ) = (UM) Z0,m-2) €XP() erone_jkm(MM)

It is noted that A (2, T+K[272/IMT]) is the DFT (discrete
Fourier transform) of {exp(irm¢2T)} , m = 0,1,2, ...(M-1).
Using Parseval theorem, one can easily calculate the signal to
noise ratio, SNR, as follows:

SN R= 10 log (JAx(2)[* / [1-|Ax(2)I])  (14)
where
A2o(2) = (UM) S0y eXP(irm2T)  (15)

A typical plot of Fy(¢2) /G(£) for a sinusoidal input is 5.

shown in Figure 6.

A F(Q)1G(0)

AZ,O
K A2,1

— ' o
0o 4 + 0t
2 /M 47fJM 64f/M
Figure 6

Fourier spectrum of D/A outputs with time-
varying clock [3]

If the D/A clock period can change from sample to sample,
then the model of the output signal with uniformly sampled
datais given by f3(t) = 2, x(nT)g(t-t,), and we have

Fo(2) = /f(t)e? dt = /[ x(nT)g(t-t,)] > dit

= /[ Zeomay 2k XKMT+mT)g(t-kMT-mT-r,T)] e dt

= G(Q[ZmomnZk X(KMT+mT) e3*M eI exp( 2, T)]

= G(Q) Zreom) [(1/27) X (w) @I 5, Mo 2MT g
exp(-jormn)]

Again by applying the identity in Equation (11), we have

Fi(Q) = G(.Q)(l/MT)Em:o w 1)2k X(2K[24MT])

eXp(-jrme2T) 7™
= G(QUT) T Ask(Q) X(2k[24MT])  (16)

where
As(2) = (UIM) Zeo,m-1) €XP(-jrme2T) € AW (17)

Equations (16) and (17) completely characterize the Fourier
transform F3(£2). From (17) and the Parseval theorem we
have

Zicomy AP =1 (18)

If x(t) is a sinusoidal, exp(j«2t), which has a Fourier
transform X(£2) = 275(¢2-€2,). Then, Equation (18) can be
used to calculate the signal to noise ratio (SNR) as follows:

SNR =10 log ( |As0(«2)[*/ [1-|Aso(«2)I7])  (19)
where

Azo(2) = (UM)Zizo,m-1) EXP(-rm2T) (20)

These equations can be used to calculate the signal to noise
ratio of a DDS (direct digital synthesizer) output with a
jittered master clock [3]. It is aso noted that Equations (19)
and (20) are identical to Equations (15) and (16) except the
sign of the exponential functionsin (16) and (20).

Fourier spectrum of D/A outputs with a non-
uniformly sampled input signal and a
compensating time-varying clock [2]

If the digital data x[n] are obtained from non-uniformly
sampling the continuous time signal x(t) and that the D/A
clock are adjusted to match the corresponding sampling time
instances, then the D/A output is given by f,(t) = 2, x(t,)g(t-
t,), and we have its Fourier transform as
Fa(2) = /hy(t)e?? dt
Following the same derivation procedures in the previous two
sections, we have
Fi() = GQUT)ZAgx X(2k[2A4MT])  (21)

where '

Asie = (UM) Zno 1) eXP(irak/227/M]) €0 (22)

It is noted that A4y is independent of the frequency ©, and
A4’o = 1. Itisaso noted that A4,k = A2,k(-Q) |_Q:a
A typical plot of F4(£2)/G(£2) isshownin Figure 7.
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6. Fourier spectrum of D/A output: fs(t) = 2,

X(tn)gn(t' tn)

In this model, the basic output pulse waveforms, g.(.), are
changing from sample to sample. In general, this is a very
difficult problem. If we restrict g,(.) in Equations (5) to be a
constant-amplitude pulse, then the model can be applied to
the situation where digital data with a finite number of bits
are fed to an D/A converter with a conventional zeroth-order
hold circuit output. We can then investigate if the time
varying clock scheme can be used to compensate the
guantization error in the input digital data that can be
considered as being obtained from non-uniformly sampling a
continuous time signal.

A typica plots of the ideal case (i.e, fi(t))and f5(t) with
zeroth-order hold circuit outputs are shown in Figure 8
below. The difference, e(t), between the two is also shown
there.
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From Figure 8, we can write down the expression of e(t) as
follows

e(t) =2, y[n] un(t-nT) (23)
where y[n+1] = x[n+1]-X[n] and is uy(t) is define as g
follows: '
ut)= 1,fort e(O,r,T), if r,T ispositive
0, elsewhere
and

u(t) = -1,fort e(r,T, Q),if r,T isnegative
0, elsewhere

The uy(t) is shown below in Figure 9.

Figure9

Follow the similar derivation procedure as in previous
sections, we can show that the Fourier transform, E(¢2), of
e(t) isgiven by

E(Q) =(1/T) 2k As () X' (2k[2AMT])  (24)
Where

As(2) = (1IM) Zeo 1) Um(€2) 7™ (25)

and X’(£2) isthe Fourier transform of x(t)-x(t-T).

It is noted that U (¢2), the Fourier transform of u.(t), is
periodic on m with period M because it has the same property
as r,. Equations (24) and (25) can be used to compute the
Fourier spectrum of e(t) and hence that of fs(t).

Conclusions

In this paper, we investigate problems of D/A converters with
non-uniformly sampled input data, and/or time-varying clock
sources. Recently, there is available a new clocking system
with a very fine time resolution and is capable of adjusting
the clock period in a sample-to-sample basis. It is, therefore,
interesting to consider the following question. “Given that the
timing offset of each data sample is known, would it be
beneficial to use this offset to adjust the read-out timing of
the D/A converter?” To answer this question, we consider the
following five different models: f,(t) = 2, x(nT)g(t-nT), fa(t)
= 2y X(t)g(t-nT), fa(t) = 2, x(nT)g(t-t,), fat) = Zn x(t)g(t-
t,), and f5(t) = 2, X(t,)gn(t- t,). Closed form expressions for
the Fourier transform of the output signals for each model are
derived. We have also discussed some potential practical
applications.
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