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Abstract: To plan the quality measuring in the form of consensus relation determination for the given m weak order 
relations (rankings) it is necessary to know a reasonable number of the rankings. If a ranking is produced by an expert 
then the number of rankings is equal to number of experts. It is proposed to estimate the expert number using simple 
probabilistic Bernoulli model, where m experts reveal defects (demerits) of an object. The model assumes that the more 
the number of an expert group participants, the less the probability of a new defect revealing. Based on this assumption, 
the probability decrease have been evaluated and graphically presented. The investigations allow to suppose that the 
number of rankings in preference profile can be from 4 to 10 for typical applications. 
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1. INTRODUCTION 

 
An estimation of object(s) quality by different criteria 

is frequently carried out by the groups consisting of deci-
sion makers, i.e. experts. Some examples of the expert-
based quality measurement can be found in (Ker-
shenbaum & Khvastunov, 1999; Ng & Abramson, 1992); 
Rossi et al., 2005).  

When organizing an expert examination, it is impor-
tant to know how many experts are necessary and suffi-
cient for obtaining thorough results of the examination 
procedure. An approaches to the problem were proposed 
in (Kershenbaum & Khvastunov, 1999; Nielsen & Lan-
dauer, 1993; Nielsen, 1994) and other works. However, 
the issue still need further inquiry. 

Our specific interest to the issue originates from the 
possibility to measure quality in ordinal scale by the fol-
lowing way. Suppose we have m rankings on set A = {a1, 
a2, ..., an} of n objects. Then we have the relation set Λ = 
{λ1,  λ2, ..., λm}, where each of m rankings (preference 
relations) λ = {a1  a2 ...~ as ~ at ...~ an} may include 

, a strict preference relation π, and ~, an equivalence (or 
indifference) relation ν, so that λ = π∪ν. Such a relation 
λ is generally called a weak order. The relation set Λ is 
titled a preference profile for the given m rankings. We 
can determine a single preference relation that would 
give an integrative characterization of the objects. Let a 
subspace Π be a set of all n! linear (strict) order relations 

 on A. Each linear order corresponds to one of 
permutations of first n natural numbers Nn. We use a 
permutation β ∈ Π of the alternatives a1, ..., an to 
represent the preference profile Λ and will call it 
consensus ranking.  

The problem described is also the problem of voting 
or group decision where A is a set of n alternatives or 
candidates which are ranked by group of m individuals 
(multisensors, voters, experts, focus groups, criteria, 
etc.). On the basis of a distance between rankings, we can 

define the distance ( , )D β Λ  from β to the profile Λ and 
then formulate a quality measuring problem as  

                            arg min ( , )D
λ∈Π

β = λ Λ ,                         (1) 

where 
1

( , ) ( , )
m

k
k

D d
=

λ Λ = λ λ∑ . 

How to find a solution of the problem (1) is de-
scribed, for example, in (Barthélemy, 1989; Muravyov, 
2006; Muravyov, 2007).  

In this paper, we are interested in estimation of an 
upper bound for the number of experts (rankings) m. At 
that, we are aware of absolutely exact estimations for m 
cannot be determined. So we will search for its approx-
imate values. 

The remainder of the paper is devoted to an attempt 
of the problem solution.  

 
2. PROBABILISTIC MODEL 
 

In the paper, we use a probabilistic approach to the 
problem of calculating number of experts and as the ex-
amination model we also use a situation where m experts 
reveal defects (demerits) of an object under quality test-
ing. The notation of defect has here a wide sense as the 
objects may be of very different origin. Particularly, by 
defect one can understand the failure of a product to con-
form to specification or the non-conformance to intended 
usage requirement. 

Let us use the following simple model based on Ber-
noulli trial, see, for example (Gnedenko, 1963). Suppose 
we have an expert group consisting of m experts reveal-
ing defects independently of each other. The defect find-
ings also are independent of whether they have been 
found before. Let p be the probability of finding the av-
erage defect by a single "average" expert (we will cal it 
elementary probability). Then the probability P of that at 
least one defect is revealed by m evaluators is defined as 
follows: 
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                          1 (1 )mP p= − − ,                                  (2) 

On the other hand, the probability P can be determined 
taking into account its frequency interpretation. Let Dt be 
the total number of defects and Df be the number of de-
fects that have been found at least once by m experts. 
Then we have  

                                 f

t

D
P

D
,                                      (3) 

Finally, having regard to equations (2) and (3), we obtain 
the following expression for the number of defects 
found: 

                           [1 (1 ) ]m
f tD D p− − ,                       (4) 

The similar model (however, referring to Poisson 
process) has been used in (Nielsen & Landauer, 1993; 
Nielsen, 1994) in order to estimate the amount of evalua-
tion required to detect so called usability problems in a 
user interface design. 

Clearly, the number of experts can be easily obtained 
from the formula (2), i.e. 

                                 ln(1 )
ln(1 )

Pm
p

−
=

−
.                               (5) 

The graph constructed by formula (1) (see Fig. 1) 
shows that there is some critical value mc of m such that 
any m > mc does not give an essential increase of number 
of defects found. For example, at p = 0.6, there is no ne-
cessity to have more 5 experts as these five experts have 
found practically all defects. 

One more proposition can be made of consideration 
of Fig. 1: the more the number of an expert group partic-
ipants, the less the probability of a new defect revealing. 
The proposition has been suggested also in (Ker-
shenbaum & Khvastunov, 1999). 
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Fig. 1. Graphic presentation of the probability P 
 depending on m for different values of p,  

see expression (2). 
 

3. PROBABILITY OF NEW DEFECTS 
    REVEALING DUE TO ADDITIONAL EXPERTS 

 
It is interesting to investigate how the probability P 

will increase after adding one more evaluator to the ex-

pert group. The following formula shows how many 
times the probability P(m+1) = P1 is greater than the 
probability P(m) = P: 

              
1

1 1 (1 ) (1 )1
1 (1 ) 1 (1 )

m

m m
P p p p
P p p

+− − −
= = +

− − − −
.             (6) 

 It can be seen from Fig. 2 that the increase of man-
power by one more expert result in a minor gain of the 
probability P of defects revealing. This gain becomes 
especially insignificant for all numbers m > mc = 4. And 
the more probability p the more this insignificance. 
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Fig. 2. Graph of the ratio P1/P depending on m for  

different values of p, see expression (6). 
 

It is worth to estimate this gain in explicit and more 
general form. Let α be the relative probability growth 
resulting from inclusion of k additional experts into the 
group consisting of m experts, i.e. 

                   ( ) ( )
( )

kP PP m k P m
P m P

−+ −
α = = ,                 (7) 

where  

                        1 (1 ) (1 )m k
kP p p= − − − ,                       (8) 

From (2), (7) and (8) we have 

                         1 (1 )(1 )
1 (1 )

k
m

m
pp
p

− −
α = −

− −
.                     (9) 

Calculations of α are reduced in Table 1 and graphi-
cally presented in Fig. 3. 

As Table 1 and Fig. 3 indicate an essential gain of 
probability of  revealing new defects due to attraction of 
additional k exists only if the elementary probability p is 
low (see Fig.3, p = 0.05). In this case, the dependency 
α(k) has almost linear character. However, already at m = 
7, doubling of found defects number (α = 100%) happens 
only where k = 10.   

At p = 0.5, if the expert group has included 4 mem-
bers, attraction of new expert is useless as it gives out no 
new data to test a quality of the object. If  p > 0.5, one 
can see the loss of necessity in new experts as early as k 
= 5, though the expert group consists of a single member. 

Looking at Table 1 one can see that it is important in 
what fashion an expert group was set up. Indeed, if p = 
0.05, m = 2 and k = 8 give the relative growth α = 3.11, 
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whereas m = 4 and k = 6 produce only α = 1.16, and at 
that the total number of evaluators is the same: m + k = 
10. Thus, a combination of m and k with their sum fixed 
results in greater growth α, if  m < k. 

 
Table 1. Values of the relative probability growth α(k) 

for different numbers m, see expression (9). 
 k m = 1 m = 2 m = 4 m = 7 

p 
= 

0.
05

 

0 0 0 0 0 
1 0.95 0.46 0.21 0.11 
2 1.85 0.90 0.42 0.22 
3 2.71 1.32 0.63 0.33 
4 3.52 1.72 0.81 0.42 
5 4.30 2.09 0.99 0.52 
6 5.03 2.45 1.16 0.61 
7 5.73 2.79 1.32 0.70 
8 6.39 3.11 1.48 0.78 
9 7.02 3.42 1.62 0.86 

10 7.62 3.71 1.76 0.93 

p 
= 

0.
5 

0 0 0 0 0 
1 0.5 0.17 0.03 0.004 
2 0.75 0.25 0.05 0.006 
3 0.87 0.29 0.06 0.007 
4 0.94 0.31 0.06 0.007 
5 0.97 0.32 0.06 0.008 
6 0.98 0.33 0.07 0.008 
7 0.99 0.33 0.07 0.008 
8 1.0 0.33 0.07 0.008 
9 1.0 0.33 0.07 0.008 

10 1.0 0.33 0.07 0.008 

p 
= 

0.
8 

0 0 0 0 0 
1 0.2 0.03 0.0013 0 
2 0.24 0.04 0.0015 0 
3 0.25 0.04 0.0016 0 
4 0.25 0.04 0.0016 0 
5 0.25 0.04 0.0016 0 
6 0.25 0.04 0.0016 0 
7 0.25 0.04 0.0016 0 
8 0.25 0.04 0.0016 0 
9 0.25 0.04 0.0016 0 

10 0.25 0.04 0.0016 0 
 
The number k can be easily determined in explicit 

form using expression (8). That is 

             
ln(1 ) ln(1 )
ln(1 ) ln(1 )

k kP P
k m m m

p P
− −

= − = −
− −

,            (10) 

In practice, the number k can be calculated on the as-
sumption of desirable or critical value of Pk known. Sure-
ly, the elementary probability p should also be given or 
estimated. 

The probability p is usually recommended to be 
found approximately by results of practical expert ex-
aminations. (Nielsen & Landauer, 1993) have proposed 
to use the following estimations: 
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Fig. 3. Graphs (for p = 0.05, 0.5 and 0.8) of the relative 

probability growth α depending on number of additional 
evaluators k for different numbers m, see expression (9). 

 

                                  
(1)f

t
D

D
p

                               (11) 

and 

                               
(2)

2
(1)

f

f

D
p

D
− ,                            (12) 

where Df(1) and Df(2) are average numbers of different 
defects found by a single expert and a pair of experts 
correspondingly. Expressions (11) and (12) are easily 
derived from (4). 

As a supplementary remark, it can be found to be use-
ful the following form of expression (2): 
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1

0
(1 )

m
i

i
P p p

−

=
= −∑                            (13) 

To make sure of validity of (13) it is enough to look at 
Table 2, where expressions of P for particular m have 
been obtained after simple removal of parentheses: 
 

Table 2. Towards justification of expression (13). 
m P 
1  p 
2 (1 (1 ))p p+ −  
3 2(1 (1 ) (1 ) )p p p+ − + −  
4 2 3(1 (1 ) (1 ) (1 ) )p p p p+ − + − + −  

… … 
m 2 1(1 (1 ) (1 ) ... (1 ) )mp p p p −+ − + − + + −  

 
 
4. CONCLUSION 
 

It would not be out of place to notice that the proba-
bilistic model discussed above is based on assumptions 
that hardly characterize real situation of the expert ex-
amination. In fact, probabilities of different defects re-
vealing are different and often dependent on each other. 
In this relation, developments of new models more exact-
ly describing the situation are welcome. 

Nevertheless, the discussed model allows to obtain 
interesting and useful recommendations on selection of 
number of an expert group members when measuring 
quality. This way, after consideration of results presented 
in the text, we can conclude that the reasonable number 
of experts (or rankings in preference profile) can be from 
4 to 10 for typical applications. 
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Fig. 4. Ratio of benefits to costs of expert examinations 

depending on number of evaluators (Nielsen, 1994). 

If additionally to take into account some economical 
considerations, for example, to evaluate costs for attrac-
tion of experts and corresponding profit from revealed 
defects then the expert number estimated could be re-
fined. It was done in (Nielsen, 1994) for the case of heu-
ristic evaluation of software interface. Taken from the 
paper curve in Fig. 4 shows how many times the benefits 
are greater than the costs of a sample project. The optim-
al number of evaluators in this example is four, with ben-
efits that are 62 times greater than the costs. 
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