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Abgtract - Coherent sampling is a well known scheme for gueeimy uniform distribution of sinewave
phases. While such condition can be profitably atgd for testing Analog to Digital Converters (APar
Digital to Analog Converters (DAC), inaccuraciesiaron-idealities in both the signal generator dmed t
sampling hardware make such condition rarely aehiev In this paper, the effect of deviations friira
coherent sampling condition is analyzed, along sdtme effects on the related testing procedures.
Keywords— Analog to Digital Converter (ADC) and Digital Analog Converter (DAC) testing, Coherent
Sampling, Farey Series

|. Introduction

Analog to Digital Converter (ADC) and Digital to Almg Converter (DAC) testing is an important atyivi
subject to several research and standardizatiortfi][2]. Such devices are usually tested bgwaves as
test signals. To properly test a converter, thediesign requires that the signal parameters ammddéength
should be properly selected, in order to guaratht@eeach converter level is excited. As showrB]Jf#],
some criteria have been proposed, which rely opearreelection of sinewave parameters, especially
frequency, amplitude, and record length. In padigicoherent uniform sampling, obtained when #t®r
between the sampling frequency and the sinewawgidrey is a rational number, results in uniform
sinewave phase distribution. Consequently, by lslyitshoosing such frequency ratio and the recordtle

it is possible to guarantee the excitation of ezmhverter level [4]. However, coherent samplingncain
usually be obtained in practice, due to the lim#eduracy achievable when selecting or measuritigthe
sinewave and the sampling frequencies. Consequestiye theoretical results have been developed,
describing the loss in uniformity in the sinewavege distribution, when the ratio between sineveance
sampling frequency slightly deviates from the delga/alue [3][4]. Moreover, due to the recent diten
given to the standardization of DAC testing, a éegmalysis of this topic is of significant intdrds this
paper, bounds to the achievable accuracy in theetsml of the sinewave phases are established, as a
function of the achievable accuracy in the freqyeselection. Moreover, it is shown that, when the
sinewave frequency complies with the reported bsuadnoderate increase in the record length allbavs
achievement of the desired phase accuracy, evem tivbesampling is not coherent. The obtained ieauit
used to discuss a potential improvement to thesplare described in [4].

[1. Coherent sampling and converter testing

Let us assume that the samples of sinewave reidpeade given by:
qn] = Asin(2nm+¢) , nh=0..,M-1

- f @
fs
whereA is the sinewave amplitudé,is the initial phase, which in the following wilekassumed equal to
zero without loss of generality, analis the ratio between the sinewave frequehend the sampling
frequencyfs.
Let us also assume that
fo J
= == — y 2
P=Po M 2
whereJ andM are two positive and relatively prime integer nensbthat iTIM, such thaf<M.
Let us define the phase numpgflas

p[n]:(ﬁnjmodM, n=0,..M -1 (3)
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Fig. 1: Maximum and minimum values of the phase, gaported as a function of the ratidetween th
sinewave frequency and the sampling frequencyMifet 6.

where mod is the modulus operator, [5]
xmody = x—y| x/ y}, (4)
and| 0 is the floor operator [5]. Consequently, the ndized phaseg]l corresponding to each sample is
given by
¢gn=2mn], n=0,..,M-1 (5)

Under the conditiodCIM the sinewave is coherently sampled, and, providadthe record length M, it
can be shown tha¥l distinct phase numbers are obtained, which areedpby 1M [3][4]. Thus, the
normalized phases are uniformly distributed in1f),and the gaplgbetween adjacent phases is constant
and equal tdg,=2r7M. In order to properly test a converter, the recanthples should guarantee that each
of the converter bins is excited at least once.aBsuming that the device to be tested is a unifonth
bipolar converter, with Full ScaleS andb bits of resolution, it has been shown that whendignal is
coherently sampled ame5=A, the condition

Agy <270 (6)
guarantees that each converter bin is excitedaat tnce by the record samples [4]. Under thedoted
hypotheses, such condition is satisfied when

M 22720 (7
which gives a lower bound on the record lergthWhen sampling is not coherent, however, the 4g@p
may noticeably differ fronrxlg,, and even when the minimum valueMfis chosen according to (7), some
converter bins may not be properly excited. Thiramenon is discussed in the following section.

I11. Effects of non coherent sampling

Let us assume that the frequency ratiglightly deviates from the desired valpggiven by (5) to an
effective valueg:, that is

fo+Af _ J+AJ
Pe =Py tAp= r = M
AJ ASJ ' (®)
A =22 pp=22
M ° P M

wheredl] is a real numbeypis the variation of the frequency ratio, afifds the frequency deviation from
the desired valu®. In this case, it has been shown that, for snalles of4J, Agcan assume two distinct
valuesA@ and 4¢ [3][4]. Moreover, by using the results in [3] afd], it can also be shown that the
solutions are given by

Ag =A@y (1+AJ IIIML)

Ap =A@, 1-0IMR) ®)
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Fig. 2: Maximum and minimum values of the pt Fig. 3: Maximum and minimum values of the
gap, reported as a function of the ratidoetwee phase gap, reported as a function of the ratio
the sinewave frequency and the sam, between the sinewave frequency and the

frequency, foM=16 and4AM=144. sampling frequency, favi=16 andAM=11.

whereM_ andMp, are the denominators of the left and right fratiadjacent to the fractialiM in a Farey
series (see Appendix A) of order, such that [5]-[7]

N T 0<M_<M, 0<Mg<M,  (10)

M, M Mg
Proof of uniqueness of (9) is given in AppendixlB.order to analyze the frequency range in whigh (9
applies, simulation have been run, leading to d¢iselts of Fig. 1, which report the maximum vatgax
assumed bylg and the minimum valudg,n assumed bylg both normalized talg,, when frequency
ratio pis varied in the interval [0,1/2] and a recordvf16 samples is generated. Notice that the behakior
Apwhen the frequency ratjais varied in the interval [1/2,1] has been omitteetause it is symmetric with
respect to the reported range [0,1/2]. To provideference, a dotted horizontal line is also regbrihe
line height is unitary, and the dots abscissagspand to fractions belonging to the Farey sefiesderM.
As expectedd@axandAg,n both coincide wittdg, only for a few values gb, which correspond to terms
of the Farey series with denominator equaiitoMioreover it can be observed that, wiheis varied from
one of such valueglguax and g deviate linearly fromdg, as described by (9), but only whetties in
the interval defined by the two adjacent termdefffarey series, that is

L o< Jr , (11a)
M L M R
from which we obtain the following bound &k (see Appendix B):
NP (11b)
M L M R

Moreover, by recalling the definition of the freqag deviation/f, a bound on the accuracy of the sinewave
generator can be derived from (11), given by

__fs <Af < fs (11c)

MM MM

Outside of this interval it can be shown that thiaimed values fad@ may no longer behave according to
(9). In particular, at least one betwe#q,n andAg.ax does no longer satisfy (9). For example, witi=
3/16, whenAJ exceeds the upper bound and the frequency gatexceeds the right adjacent Farey term,
which is 1/5, (9) does no longer provide the cdrredue of neithetdg,n nor Aguax. and when the
frequency ratigp becomes lower than the left adjacent Farey tetnichwis 2/11 Agy is no longer given
by (9). It is also worthy of notice that, whehequals one of the bounds of (11c), the sinewaaetiglly
coherently sampled, but the frequency ratis an irreducible fraction, with a denominator lowleanM.
Hence, the gap between adjacent phases is laayedy, (2r'M_ or 27Mg), and cannot be reduced by
increasing the record length. In the following Eettthe problem is further discussed.
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I'V. Sdection of record length and sinewave frequency

In [4], it has been suggested that, by increadiegrécord lengtiM by AM samples, the increased phase
Aguax can be reduced below the desired valgg. However, it can be observed that, wigsomplies with
the bound (11a) (andf complies with (11c)) but assumes values closkeadported limits, the phase gap
can actually be reduced belalg, only when the record length is largely increa3éiis can be observed in
Fig. 2, which has been obtained under the samatmomdof Fig. 1, except for the record length, ethhas
been increased by 10 times, and amounts to 160esmrttpis worthy of notice that such an incrermeats

to values ofd@.x much lower than the required valdeg,. Moreover, low values oflg.x are obtained
only wheng s not close to the bounds (11a). In fact, in tisise the maximum observed frequency gap is
still larger thandg,. Consequently, a large increase in the recordHemgy not be a desirable solution,
because of both the increased time consumptionttengossibility of still having undesirable valusfs
Aguax- Following the results of section lll, the probldmas been further analyzed. In particular, it can b
shown (see appendix B) that, provided tiaandAf satisfy the equivalent bounds

f
|af| < MSZ : (12a)

1
6o < Vel (12b)

the requirementlg,ax<4¢@, can be satisfied by choosing
AM=maxM,Mg). (13)

Consequently, if (12) is satisfied, by adding asthd-1 samples, the requirement on the phase gap can be
satisfied for any initial choice ad/M. For example, by considering the frequency ratje3/16, the
denominators of the adjacent terms of the FaressereM =11 andMgr=5 respectively. Hence, by
choosingdM=11, the results shown in Fig. 3 have been obtaiwhdre the vertical lines mark the upper
and lower bounds given by (12). As expected, theegaofo chosen according to (12) correspond to phase
gaps upper bounded g, Consequently, provided that the frequency ermmnot be accurately
controlled and method A in [4] cannot be appliedaliernative approach to test procedure B in § loe
developed. In fagh could be chosen as one fraction of the Farey seftasdenominator equal 91, but
such that both the denominatdfis andMp, of the adjacent terms are approximately equil/® While this
condition would not maximize the acceptable dematiof4p andAf given by (12), it would minimize the
number of samples (13) to be added in order tsfgathe requirementdg<4@s. Moreover, the
denominators of the adjacent terivig or Mg determine how much the gap between adjacent plgses
enlarged when the frequency raticequals the bounds (11). In this regard, accordingig. 1, the best
choice for the frequency ratio would jpg=7/16, corresponding 81, =7 andMg=9. It can be observed that
in this case, the increase dig,nx When p approaches the bounds (11a) is minimized with stspeother
choices ofa,.

V. Conclusions

The loss in phase uniformity associated to non restteuniform sampling of a sinewave has been
investigated, and upper bounds to the inaccuramycaded to both sinewave and sampling frequeney ha
been identified. Under such conditions, it is shalat the requirements on the gap between adjpbasts
can be satisfied also when sampling is not cohdmgnhoderately increasing the record length.

Appendix A: Basicsof Farey Series

A Farey series of ordé is the set of nonnegative fractions whose numeegaitd denominator are relatively
prime integers, such that the numerator is lowen the denominator, which in turn is lower or edqaa¥
[5]-[9]. By defining the mediant of two fractiod&/M,; andJ,/M, as (,+J,)/(M+M,), and by defining the
Farey series of order 1 as the set of fractionsa@ 1/1, a Farey series of ordérmay be recursively
generated from the series of ordérl [5]. This can be done by evaluating all of thediants between
consecutive elements of the Farey series of dviérand by inserting the mediants with denominatidr n
exceedingVl between the corresponding terms of the FareyssefierderM-1 [5]. In particular, it can be
shown that any nonnegative fractionJ®4<1 can be obtained as a term of the Farey seriesdef M,
provided thatl andM are relatively prime [5]. Farey series are a péwéool to analyze coherent sampling
of sinewaves, as such a condition implies thatratie between the sinewave frequency and the sagpli
frequency is by definition a term of a Farey segaen
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Appendix B: Theoretical results

Existence and uniqueness of solutions(9)
In [3] it is shown that, when the sampling frequeslightly drifts from the coherency condition, @uple of
phase numbers is obtained in the form

Ag =Agy (1+A) K)

Ap =Agy -0 (M -K))’
where &@K<M is a solution of the equatidt) modM=1. Conversely, in [4] two solutions are obtained a

Ag =Ag, 1+AJ ), m =M, modM, 0o<m <M

Ag =A@, (1-AJ[ng), Mg =MgmodM, 0<mg <M

(B.1)

(B.2)

As 0<M <M and 0Mg<M, it follows thatm =M, andmz=Mg, and the properties of the Farey series imply
that M +Mr=M, becausd/M is the mediant od /M, andJx/Mg. Moreover, it is easily proven that and

M are unigue solutions of the corresponding equaitiBr2). In fact, if for examplen; andm, were two
distinct solutions ofn =M, modM, then bothm_; andm_, would belong to the moduld equivalence class,
and they would differ byM, wheren is an integer number. As by definition bath, andm, are positive
and upper bounded by, it follows that the only suitable value ofis 0O, that ism;=m, Hence, the
solutions (B.1) and (B.2) coincide, and are givgrihe denominators!, and Mg, of the terms of the Farey
series of ordeM adjacent tad/M, leading to (9).

Proof of bounds (11) and (12)

In [4], it is shown that when the numeralmf frequency ratio deviates by an amadatthen, forAJ>0, Mr
phase gaps are increased APV, /M, while M, gaps are decreased brAAMg/M. Conversely, when
AJ<0, M, gaps are increased bylAJ|Mr/M, while Mg gaps are decreased byl2Z2|M, /M. As a corollary,
regardless of the sign aJ, the worst case enlarged phase gap is given by

Aynx :ZM—”(1+ max(M M )aJ|) (B.3)

Bounds or4J for which (9) holds can be derived by observirgg {see Eqg. 13 in [4]), #l0>0, the firstMg
samples of the acquired record correspond to lexkeemes of the enlarged phase gap. In partidtikais

the index of any of these samples, the higher mref the enlarged phase gap corresponds to thgesam
with indexn+M,. Moreover, for small values ofl]|, if the record length is increased klg samples, the
corresponding phase numbers are adjacent to tteeobrtke firstMg samples of the record, differing from
them by exactlyMAJ. Consequently, each of th®g enlarged gaps, whose amplitude equals
2

V(“ M,AJ), is broken in two smaller gaps, one with amplitude

Alzzﬁﬂ(ﬂ M AJ - MAJ):%T(l— M RAJ) and one with amplitudé,=2mr4J. Notice that such condition
is guaranteed when

NP (B.4)

R
Otherwise, any additional sample with indexM may produce a phase laying outside the enlargaseph
gap corresponding to the sample with inde¥hen4J<0, by following a similar reasoning it can be show
that, if the bound

INE —Mi (B.5)

R

is satisfied, theM, enlarged gaps, whose amplitude equ%\/lg(l—MRAJ):iA—”(1+MR|AJ|), may be

broken in couples of gaps with amplituBe= ZV”(H Mg|AJ| =M |AJ|):2V”(1_ M L|AJ|) and B,=2r4J|

by collectingM, additional samples. Notice that (B.4) and (B.® equivalent to the bounds (11), and,
regardless of the sign df], they are satisfied whed]] <min(1M,1Mg). Moreover, whileA;andB, are by
definition lower thamdgy, A, andB, are also guaranteed to be lower tHag if
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Fig. 4: Phases obtained f@iM=2/5,M =3, Mg=2. Dots on the unit circle are ideal phases obthiol
a record oM samples whedlJ =0, asterisks are phases obtainedM@amples whedd >0, circlets
are phases obtained by collectig additional samples. The numbers next to each pinasker are
the corresponding time indexes.

1
|aJ| < (B.6)

Notice that (B.6) implies (B.4) and (B.5). Conseutlye when the bound (B.6) is satisfied, increadimg
record length by mak{_,M,) samples ensures that all of the phase gaps alesthandg,. Finally, by
using (8), bounds (12a) and (12b) can be obtaired (B.6). Figure 4a, obtained fdM=2/5, J,/M =1/3,
andJy/Mg=1/2, shows the phase gaps obtained when a retdd®samples is collected and=0, while
Fig. 4b shows the obtained phase gaps wiikeslightly exceeds M, satisfying (B.4) and (B.5) but not

(B.6), andMg=2 additional samples are collected. As expecterVii; enlarged gaps are partitioned by the

new samples, but the amplitude of some reducecepiagss still exceedég,=2175. Conversely, in Fig. 4c,

Al is slightly smaller than M. As expected, after acquiribdk additional samples, all of the obtained phase

gaps are smaller thaiy,.
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